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A partial ordering in the class of obseruables (- positbe operator-r;alued

measures, introduced by Dauies and by Ludwig) is explored. The ordering is inter-
preted as a form of nonideality, and it allows one to compare ideal and nonideal
uersions of the same obseruable. Optimalily is defined as maximality in the sense

of the ordering. The framework giues a generalization of the usual (implicit)

deJinition of self-adjoint operators as optimal obsertables (uon Neumann), but ir

can, in contrast to this latter definilion, be justified operationally. The nonideality

notion is compared to other quantum estimqtion theoretic methods, Measures -for
Ihe amount of nonideality are deriued from information theory.

I. INTRODUCTION

In the "operational" approach to statistical theories, measurements are
associated with measures that are affine functionais on the state space. For
quantum mechanics this means that observables are represented by positiue
oper at or-u alued me asure s ( POVM's 1. 

(s'r;r: t+i

A POVM is (for a countable or f,inite outcome set K) a family of
bounded linear operators {Mo}0.* satisfying the relations

Y k .  KMk>0

I tvtu: t

(Operators are boldfaced.)
If the object system is in a srate represented by the density operator p,

a {Mu}o-" measurement will result in outcome k with probability
Tr(pMo).

The state change that a measurement procedure induces in the object
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can also be treated in the operational framework. Since we are here only
concerned with the determinative aspects of measurement, wb will in this
paper ignore the state changes acco:npanying a measuremelt. We shall
thcrefore not touch upon issues concetned with, for example, "msasure-
ment of the {irst kind."

Of special interest is the subclass of simple obseruables, represented
by projection-ualued meesures (PVM's). PVM's obey, in addition to (l)
and (2),

vp .6Mf  :  M1

PVM's correspond to orthogonal spectral resoiutions of self-adjoint
operators (spectral theorem).

The class of observables associated with POVM's in gene:al is,
however. too large in a certain sense. It contains many "bad" observabies
that mix information about the object system with noninformation coming
from the measurement device. One can think of a kind of 'orandomization"

or "n6ics"(e) affecting our meter. If this noise totally dominates our device's
operation, it measures an uninformatiue obseruable. Such an observable is
represented by a POVM of the form

Y pn 6M4:  f1 , l  V  k .  K f  k>-0  L  f  u :  |  {4 )

{/6 a scalar).
The outcome probability distribution of such an uninformative observ-

able does not depend on the state of the object system at all.
There is therefore a need for a structure in the class of observables that

gives us a subciass of observables maximaily free from this noninformation,
observables whose outcomes are maximally associated with the object
system alone. We could call such observables "optimal." If it were known
what observables are optimal, we could restrict ourselves to this ciass, since
tbe properties of all measurements are characterized by those of only the
optimal ones via the structure.

In textbooks it is usually assumed implicitiy, following von Neumann
and Dirac,(6'r8) that PVM's represent these "optimal" observables. This
identihcation, probably inspired by classical mechanics (cf. Sec. 3), is not
satisfactory, since it is not at all supported by operational arguments.

As a consequence, attempts have been made to generalize it. One
proposal is based on the only structure on the class of POVM's systemati-
caliy investigated so far: conuexity. If two POVM's {Mo}0., and {Nu}*.*
with the same outcome set K are given, lhe set of operators {Ou}*.*
delined by

O;, : :  l lMa + (1 -  l ")  Nr (5)

is also a POVM for all I e (0, 1).

( ? )
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Within the class of POVM's with a given outcome set K there are
POVM's {Ou}u.^ that canlot be decomposed into other POVM's as in
(5). Such extrcme POVM's correspond to pure observables. It has been
suggested that pure observables constitute the subclass of "optimal"
observables referred to above (Ref. 14, p. 135). This clas$ contains all
simple observabies(ta) and rnore, unless the outcome set K consists of two
eiements (binary POVM's).te)

The convexity structure is, however, not suitable for the task that is to
be performed here. Suppose an experimenter wants to realize a given
observable, say the one associated with the position-PvM. In general he
will only be able to realize a "nonideal" position measurement. The
convexity structure offers no clue as to which observables are "nonideal"
position observables, since it relates an observable to at least two other
observables. In other words: convexity does not lead to a concept of
nonideality that can be used to characterize the difference between the
observable the experimenter wanted to measure and the observable he was
able to reaiize.

One of the important characteristics a useful nonideality concept
should have is (partial) invertibility. It is after all not rhe nonideal
measurement itself we are inlerested in. We want to use its resuits to say
something about the measurement we wanted to perform. In the above
example our nonideal position measurement will be used to deduce proper-
ties of the exact position distribution. Convexity cannot do this.

A third disadvantage of the convexity structure is its inability to reiate
POVM's in a label-independent way. As a consequence, there seems to be
no natural way to connect two POVM's with different outcome sets via
convexity. Since these outcome sets are merely a matter of convenience
(Ref. 14, p.97) {nothing physicai in the measurement device is changed if
we aiter its scale), an acceptable structure should be insensitive to the
labeling of the observables.

The identification of pure and "optimal" obseryables is iherefore
unsatisfaciory. To gain a better understanding of problems invoiving non-
ideality, such as the search for "optimal" observables, we introduce a non-
ideality structure that does not have the disadvantages convexity suffers
from. After a definition of the relations generating the structure, a deriva-
tion of a number of its properties for quanturn mechanics and classicar
mechanics is given (Secs.2 and 3). The quantum observables that are mini-
mally nonideal ("optimal") in the sense of this structure are derived
(Sec.2). The name "nonideality") in the sense of this structure are derived
(Sec. 2). The name "nonideality" is operationalized (Sec. 4). A nonideality
measure is proposed (Sec. 5).

The structure is well suited for application in areas where typically
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quantum mechanical measurement inaccuracy occurs. One such area is the
joint measurement of incompatible observables. In another paper(ts) we
shall study that problem in detail.

2. DEFINITIOI{S A}ID STRUCTURAL PROPERTIES

In this paper we shall study our nonideality notion on a hnite-dimen-
sionai complex Hilbert spae,e .ff. We ignore superselection rules. In this
way we can get an idea of the properties the structure such a concept
generates without having to deal with too many mathematical techni-
calities. We will also restrict ourselves to POVM's with a countably infini:e
outcome set F.

A POVM fr : {M o} o ." is an element of (fi * 
) 
F satisiying (2). Here g8 *

is the set of positive (bounded) linear operators on lf . The set Kc F is
now taken to be the support of .y'/:

y . :  { k e f l M * * 0 }

We def ine for two POVM's tr :  {Mo}o.sand -{ :  {N,}, . ,  the foi lowing
relation;

Definition 1.

The matrix {.io,} is a stochastic matrix.(lq) It is a property of a "t/-device
(not of the object, since it has no relation to the density operator), charac-
terizing its relation to the observable corresponding to -{, insofar as deter-
minative aspects are concerned,

A more restrictive version of the relation - is defined (for two
POVM's "l/ and,,!' as above) bv

Definition 2.

-il^ --+i u// :: "f -.,/y' n f {p*}. mr"xN r: L ptM*
k e K

The matrix summations in both Definition I and Definition 2, as weli
as later series, are required 1o be elementwise absolutely convergent. This

(L ,0 , : ,

.4' - d/ ' .: Jito,,.. o... { 
7'rirr,

f *u: ,L,20' \ ' '
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is necessary because the order of summation should not be relevant for
the result. If the summation concerns only positive elements (such as in
Defrnition l, but not in Definition 2), absolute convergence follows from
convergence.

These definitions can be considered elaborations of a relation used by
Davies and by Allcock (who also notes the possibility of invertibility
(Definition 2) explicitly; cf. related work by Schroeck).(3,4;t:21;23) A
systematic investigation has never been performed, however.

In Definition 2 the POVM ,// is to represent a nonideal ("smeared")
version of -{. Ifit is the case that $ --t .//, the"smearing" can be undone
in a certain sense. We will go into these physical aspect of the structure
more closely in Sec.4.

Define the equivalence relation:

Definition 3. ./4 * -,1" :: .4/ --+ 
"{ n -/{ * -{.

If we define +-r' analogously, it is trivial to show that:

Theorem. .// +, -{ + -( <--+' .t/4.
Thus, as is easily verified, both -* and -' j define a partial order

relation between the equivalence classes defined by .'. In a partial order
structure it is natural to define:

Definition 4. .d/ is maximal :* V"ou, -v(l^ - -// + .t" * ,,1/).

Definirion 5. ,t// is minimal :: V"orn, .(f * 
"# 

+ -{ *- -/{).
Using -i, we can define imaximality and i-minimality in a similar

way. We introduce the following notations:

A -  B  :  :  3 . .  * ,  ,o1A :  cB

L(.u) :: 
{* 

' f 1,,y. o^X = I aoMu} ," Refs. 3 and,23)

K(.,//): :

[It can be verified that both I and K are closed. Obviously, if -{ -r"//,
then K(.4/)c.KQf) If -,{ -i,//, we have, in addition to this.
L( ' {) :  L(r l / ) . )

B(-, / /  ) : :  {X e K(. , / {) lTr( tX):  1}

[The functionalf(X):Tr(t X) is a strictly monotonic linear functional on

{x 
I 3, '*;.  *,. ,  ,r>ox:,r:" "-*-}
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the cone K(:: f(X)>0 for all nonzero X in K). Hence I is a base for the
cone K (:: there is an a > 0 such that sX e B for all nonzero X in K;.1ttot

K*,*tfr) := L(./t) n 9"

B* *("//) is defined analogously to B, as the base of K-"*

The extreme elements of a convex set C are denoted by 6 uC; the elements
of the extremal ravs(to) of a cone K are denoted by 0K:

d K  : :  { X  e K l  V t . * X  -  Y  e r ( + Y  *  X }

Also useful is:

Definition 6. The POVM "l/ is pairwise linearly independent.

: :

Y  0 . , .  * (Mt - [ { t *  k :  l )

In a pairwise linearly independent POVM, no two nonzero elements lie on
the same ray. The support of a pairwise iinearly independent POVM is not
unnecessarily large.

Our main results regarding structural properties are (the POVM's .4/
and "// as above; proofs can be found at the end of each section):

Theorem l. In every equivalence class there is a pairwise linearly
independent POVM, unique up to labeling.

This theorern characterizes the content of the equivalence classss.
Maximal POVM's are characterized bv:

Theorem 2. "/( is maximal <+ V1. *MpeAgB*.

The set AA+ consists precisely of operators that are up to a scalar factor
one-dimensional projectors. Note ihat Theorem 2 implies that there is more
than one equivalence class of maximal POVM's. It also implies that our
dehnition reduces to the usual one (: nondegeneracy) for PVM's.

Theorem 3, -// is i-maximal + VoorMr€ eK^,("/{}.

Theorem 4. ."// is minimal + V p,sMp- 1 + ,/( *-.9.

Hence uninformative observables are represented precisely by minimal
POVM's. The trivial POVM {1} is denotedby 9.
Evident is (Definition 2):
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Theorem. ",// is mzximzl + -/{ is r'-maximal: -,/4 is minimal + ..4/ ts
r'-minimal.

Less obvious are perhaps:

Thecrem 5. If dim{7f ):2, a POVM is l-maximal iff it'is either mini-
mal crr maximal. This is not true if dim(tr\>2.

Theorem 6. "// ts minimal+"il is i-minimal;
.// is i-maximal e "d/ is i-minimal.

The structure is closed in the sense that:

Theorem 7. For every POVM "4/ there is a maximal POVM
iV'--+i/; for every POVM /( there is a i-maximal POVM ..t -^+i"/{;lor
every POYM Jl there is a minimal POVM -f +- "$; this last assertion is
not true for r-minimality and '*.

Proof of Theorem l. An arbitrary POVM ..//: {lilo}u.* is given.
Divide K into subsets:

. / (  1 :  { l  cK l  Vk .1 [V- . rMr  -  M^+ m e  I l ]

Obviously l{ can be mapped into F. We haye

Y k . K 3 l r . * k e J

This allows us to define the POVM '1/: tN,ly,.*.:

N'': 
oT, 

Mo

This POVM is pairwise linearly independent by construction, and
obviously -// .- .,1r. we have thus shown that there is a pairwise linearly
independent POVM in every equivalence class. We shall now proceed to
show that it is unique up to its labeiing.

Suppose two POVM'I , . { :  {N,},* ,  and 0:{O^\^. ,  are given
such that -{ +-+ 0 and such that both POVM's are pairwise linearly
independent. There exist nonideality matrices 11,_| and {p*,} such that

* , :_L  i , ^O^ ( leL) ,  0 - :  I  p - ,N,  (meM)

Define

261

r t * t :  + (u r ^+  
,E ,uo , i . , ^ )  

( k ,meM) ( 6 )
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Then
O o :  I  

^ i k - O ^  ( k . m e M )  ( 7 )

If we use the notation i:\rtrC.*) {p arbitrary), this amounts to the
eigenvalue equation pr:Z-.uT**p^ {eigenvalue 1). A matrix like {i,r-}
can be used to represent a Markov chain with stationary transition
probabilities.(t) Seen from that point of view, Eq. (7) means that this chain
has a summable stationary distribution {one for every p).

If a nonempty sel -Ic M has the prope:ly that V-urZrut"lr*:1, we
call it closed. If the set ,I has no proper closed subsets, it is minimal closed
(or, equivalently, essential),rzt 1t can be shown that, given that (7) is
satisfied and that Y^.uO^l 0, a nonempty proper subset of M is closed
if its complement in M is either ciosed or empty.

Now introduce the index set /. which we shall assume to be nonemotv:

I : :  { m e  M  1 , ^ ^ < l }

Then { the compiement of I in M, is either empty o: closed in M. which
means lis also ciosed. Look at the smallest closed set Jicl containing {i i
for some le .L Since 1is closed and not empty, there is such a subset. Then
on .I, the eigenvalue equation reduces to

P r :  Z  l t * P *  ( k e J , \
m e Ji

Themat r ix  {^ iu^ } ro , * : . r , * , , ,has ,becauseof  (6 ) ,aper iod(2)equa l to l .S ince
the set -/, is minimal closed by construction, the stationary summabie dis-
tribution is unique up to a scalar factor (Ref.2, Theo:em I.7.1). (For finite
-I, this is a consequence of the Perron-Frobenius theorem; Ref. 19, p.219.)
This means that (8) has a solution

p* :  ie^  (me M;  ) . )0 )

for some {ixed nonnegative sequence (a*). This would imply for (7) that
O- - Ot tf. k, m e -I,. Since d was pairwise linearly independent by assump-
tion, this means that "I, cannot contain other eiements than i. But then the
eigenvalue I can only be achieved if y,r:1, contradicting the definition
of I.

Since p was arbitrary, 1 does not contain any minimal closed subset
and must be empty. Hence l*^:[r.tFr,tAtn,:du-. Similariy, one can
prove that Z-.u Ao*p^,:di.i. It is not diflicult to see that this implies that
{.At-} and {,r-,} must be permutation matrices. I

This means that the way we constructed a pairwise linearly indepen-
dent POVM in the earlier part of this proof is essentially the only way,

( 8 )
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Proof of Theorem 2.
:
Since our Hilbert space is finite dimensional, there is an affine decom-

position into (not necessarily orthogonal) one-dimensionai projecton for
every positive operator, and consequently also for every Mre {Mu}u.,,.:

Mr :  I  c t * l { * ^ ) ( * * - l  ( keK ;cu * )O)  ( 9 )
m :0-  l - . . .

The se t  L : :  { (k ,m)eF x  N lc6 .#0}  can be  mapped in to  F .  Consequent ly
this decomposition gives us a POVM f : {N u-} tk.mr€ L, .{ -, 

"//:

No-  : :  c  *^  l r !  r ^ )  (Q o^ ,  (k ,  m1e L)

Hence, for a given POVM Jl there is always a POVM /: {l{,},., such
that l '--+Jl and V,.rN,eA9-. But since we assumed .44 tobe maximal,

X,: 
oI. * 

A,rMu (l e L; {i,u} a nonideality matrix) ( 10 )

We have Vr.rNr€ A9', which means that ail nonzero elements on the
right-hand side of (10) must be '-Ni. Since there can be no ke Kfor which
there is no l€L such that i ,o)0, i t  fo l lows that Yu.*Mre 6g*.

+

Suppose that ,,// satisfies the premise (i.e., V1."M keAg+ ). We can,
just as in the proof of Theorem 1, construct a pairwise linearly independent
POVM ,. / / '= {M'-}u €no such that " / / '  *  {Mo}0.* andV^,MM,^eAg!-.
Suppose there is a pairwise linearly independent POVM ,4.: {N,},.,
satisfying -{ -'.//'. Then there exists a nonideality matrix {,1*,} such that

|fld'-: l " -rNr @e M)

Since V-.onM -€ Ag+ and .//' is pairwise linearly independent, there is for
every /eI precisely one meM such that N1 -ld,^. Moreover, since
L^.u).- t : I ,  for every /el ,  such that N, l0 there is an rzeMsuch that
N r : M - . H e n c e  - f t - r - { .  I

Before we proceed with the other proofs, we shall introduce another
prop€rty a POYM can have, and prove a lemma for it:

Definition 7. The PovM fr * lMuj oo *is self-exrremal :: vo."Mo e
aK(,u\.

[In a self-extremal PovM no element can be written as a nontrivial

263
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convex srrm of other elements. Note that i-maximal POVM's are self-
extremal. ]

Lemma 1. For every POVM .,{t there is a self-extremai and pairwise
linearly independent POVM ./:{N,},., such that ,{ -iJl and
V i . r l k . K N / -  M r .

hoof of Lemma 1. The set B(-/4)is closed since K{"//)is ciosed. and
it is bounded since

sup lix - Yll < 2 sup lX I
X,YeBQr ' l j  X€B( -A\

* t  
, . : : ,0_, 

Tr(X):2 a .o

The set B(-//) is also convex. It is a subset of the space g(/{) of iinear
operators on ff. Since,t( is finite dimensional, so is fi(*). Therelore,
using Minkowski's and Carath6odory's theorems,(11) we see that every
element of B("/{) can be written as a convex sum of hnitely many elements
of 0uB(//).It is not difficult to see that(lo)

a E BQ// \ : B("/{ ) a A KQ// )

For these reasons there is a countable set {X1}/€ L-AEBQ{I) such that we
can write

M r : I atrXr  {ke K;  aa120)

We can assume that for every leLthere is a ke Ksuch lhat an,>0. If this
were untrue for some /eel, we would not have ircluded X7n in {X,tJ ,.r.
Moreover, Zr.xq*r has to be llnite becauseLr,rMr:l and X,l0 for all
i e I. Now define

r ,  , :  (  I  oo,)  * ,  \ te L)
\ t . r  /

i p1 : :  a4 , (  I  * - , )  
'  

( ke  K ;  t e  L )
\ k e  K  /

It foiiows that "f 
: {N,},., is a self-extremal and pairwise linearly inde-

pendent POVM, and that {,io,} is a nonideality matrix. Hence f -d{.
Since V,.rN,eK(-4), there must be a nonnegative matrix {B1o} such

that

N r : f i , rMo ( l  e L)I
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Since also V,..N,e AKQ4/), all nonzero terms on the right-hand side
must be -Nr. Consequently for every meL there is an /eI such that
N - - M ,  I

Note that, although the relation of Lemma 1 is a stronger relation
than --', we cannot in general achieve equivalence.

Proof of Theorem 3.
+

We can, for a given POVM i//, tonstr:rct a pairwise linearly inde-
pendent POVM / : {N,},.. such that ,,t- --r' .4{ and V,.. N, e EK^u*Qy'/),
using an algorithm similar to the one we used in the proof of Lemma 1.
Assume ",// ts i-maximal. We must then have

N,: I t ,oWo {t e L; {i,o} a nonideality matrix) ( l l  )

Since V,.rN,e dK*u"("//), all nonzero terms on the right-hand side of (11)
must be -Nr.  There can be no keKfor which there is no leL such that
)*)0, so i t  fol lows that Vo.*M aeAK^^(, , , / / ) .

-
Suppose that,,/./ satisfies the premise (i.e., Vo.*M pe 1K^u*(/d)). We

can, just as in the proof of Theorem I, construct a pairwise linearly
independent POVM .4' : {M'-}..- satisfying V-eMM'_e AK^u^e/() :
6K*^,("/4') and .//'n-4{. Suppose there is a pairwise linearly independent
POVM X: {N,},.. satisfying -4' --i l/.Then there exists a nonideality
matrix {1.-,} such that

||4'^: l * t N t  @ e  M )

Since V-.,l{'*eiK^u,{./{') and -y'{' is pairwise linearly independent, we
have V/.zl ! - . .u,Nt*M'-.  Combining this with Z^.vA^t=l  gives
Y ,. rl^r.yNr: Mi. Hence .// -u ,.f . I

The proof of Theorem 4 is simple, if one realizes that every POVM "{such that "{ 
<-i is equivalent to .9, and that for every POVM -{ it is

true that "f ,- t{.

Proof of Theorem 5. If dim(/l)=2, we only have to show that if "//is i-maximal and not minimal, it is maximal, We can always write

M1, :c1 ,1Bp+ corB l  : (cpr -c*z )Ex*cor l  f te  K)

Here En is a projector onto a one-dimensionai subspace. we assume

,?t
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(without loss of generality) that curlcurfor all ker(. There must be at
least one koe K for which c7,o1) c1q2; since .,{1 is not minimal (Theorem 4).
This means that

c^r: c^2(ks* m e K) 3' M- e L(,9)s K(.'i l)\AKVI)

Since "// is l-maximal, there can be no such nr (Theorem 3). Consequently,
we must have co, >cprfor ai l  keK. Then i t  fol lows that

aKG/ / ) :  {X  I  la .n0  <  X -  E t }

Since Vu.*{Eo,Ei}c0An and an r-maximal POVM is self-extremal, this
means (Theorem 2) that ,/4 is maximal.

I f  dim(tr)>2, the PVM {E,E'}  (E*0,8*1) is r-maximal,  but
neither maximai nor minimai. I

Proof of Theorem 6. For the hrst part we only need to prove that an
r-minimal POVM is minimal Suppose .// is i-mintmal, but not minimal.
Choose a POVM "{ with the same support as -,/t, such that
Vn.*No :  cJ* 0. Def ine

0n :=  , l ,Mu +  (1  - ; )  Ne (ke  K;0  < ,  <  1 )

Obviously 0: {On)*,* is a POYM satisfying '& -.t{9. Because of our
assumption, we must also have E --+.//, or

with

It can be seen that for the matrix {y o,} the whole index set K is minimai
closed. Hence we can use reasoning similar to that of the proof of
Theorem I to complete this proof.

The second part of the theorem is immediately clear if one considers
Theorem 4, Definition 2 and the above. I

Proof of Theorem 7. First note that for a given POVM ,// one can
find a maximal POVM tf -.,// simply by using (9). Because the decom-
position (9) is in general not unique, there exist in general many non-
equivalent maximal POVM's related to a given POVM.

Mo:  
, L * !n tM ,  

{ ke  K )

" / t t :  / . 11u  +  t r  -  ^ ,  
\ , I o11 r , " c^  )

{po*} u nonideality matrix for 0 -- "//
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We now proceed with the $econd assertion of the theorem. For a given
POVM "dt one can find an i-maximal POVM -,{ --ri 

"// by repeating the
construction of the proof of Lemma 1, using K*u^(fl) instead ol K{"//}.
Because the corresponding base B^,"(",//) is not always a simplex, this
i-maximal POVM is in general also not unique.

The third assertion of the theorem is trivial. The fourth is a
straightforward corollary of Theorem 6. I

3. MISCELLANEOUS RESULTS

In this section we shail give some other results characterizing the
structure. Moreovgr, these results can be used to compare it to approaches
that are more common in the literature.

The connection between the structure induced by -r and the convexity
structure is indicated by the following theorems:

Theorem 8. If the POVM "// ts extreme, then it is l-maximai and
pairwise linearly independent and B(-dt) is a simplex, The converse is rrue
only if dim(tr):2.

Theorem 9. If a POVM .// is maximal or minimal and it is pairwise
linearly independent and B(.,il\is a simplex, then it is extreme. The con-
verse is true only if dim(/f):/.

Since PVM's are always extreme,(e,1a) PVM's are i-maximal and
pairwise linearly independent. A maximal PVM is the PVM associated
with a complete orthonormal basis. We can therefore conclude that a maxi-
mal POVM on Cn must have at ieast n elements.

In special cases POVM's can be related to PVM's via the nonideality
structure (Ref. 7, p. 87; Ref. 8):

Theorem 10. For every binary POVM tr: {Mr, M2}, there is a
PVM d: {Eu}*.* such that E - . . .M. Suppose .4d: {Mo\0.* is a POVM.
Then Vo,,.*[Mo, M,] _ :0 + 1py*rE -+ -y'l.

This theorem is easily proven {the first assertion follows from the fact
t b a t  [ M , ,  M r ] -  =  [ M , , 1 - M , ]  _ : 0 ) .

An interesting leature of the relalion --+ is its connection to the
representation of a PovM in terms ol a PVM on a larger Hilbert space.
This procedure is common in quantum estimation theory. It is based on a
theorem due to Naimark (for the proof of which see, e.g., the book by
Holevo(e)):
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Theorem 11. For every POVM {Mu}..* on lf there is a Hilbert
space f f ' ,  a density operator p 'en.1f ' ,  and a PVM {Eo}o." 'on tr@t'
such that

Mk:Tr. / r ' (p 'Ek)

The link is given by:

Theorem 12. Suppose F : {F "} ". n is given as the PVM of
A : L o . e c F o  o n  l f  . l f  { E b } b € B o n  f f @ . f  i s  t h e  P V M  o f  B : Z u . " b E u
and B can be written as a function b(A, C) of A and an Hermitian operator
C on f f ' , then,, / / :  {Mr}r. ,  del ined as in (12) has the property 9 --+Jl
for every density operator p' on .ff'.

The proof of Theorem 12 is straightforward, using the spectral
theorem on ./f '.

Besides Naimark's theorem, couariance and unbiasedness are key
concepts in quantum estimation theory (Ref. 7; Ref. 9, Ch. 3; cf. also
Refs. 12 and 17). We will see whether these concepts are related to our non-
ideality reiation. Define on ff : C' a PVM E: {Ep}p.*:

E o : :  l x o ) ( x o l  k e K : { 0 , . . . , n - I }

where (lxp))ou" is an orthonormal base for .nf,, and

s " ' :  
o I . *  

x l v , * ; 1 ) ( x r " l  t t k l l  : :  k m o d n

1 ; :  I  k E p
k e K

Covariance and unbiasedness are defined by

Definition 8. The POVM 0 : {O urJ o. * is covariant

: :

V k . K S , O k S i :  O 1 1 r +  r t J

The POVM f : {N ,} , . , with the labeling (.f ,) ,. , is unbiased

: :

,l i*,:*
(S" and K as above; L arbitrary)
Then we have the followins theorem:

(12)
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Theorem 13. For E and K as above and 0: {Oo}0,* a POVM,

Note that neither covariance nor unbiasedness (for some labeling) is by
itself sufficient for --+ or --t. There is, however, a stronger relation between
-+ and another symmetry property. To show this, we introduce a second
orthonormal base ( iye))r .r  on C", such that

and a shift operator S, analogous to S,. Then

Theorem 14. For 6 and So as above and A: {O,},., a POVM,

E --+ A + Vl.1SrO7Sl:  Oi Qnuariance)

We see that symmetry properties are quite usable within this structure,
although its defrnition does not depend on them. In particuiar, we have
shown that a covariant observable that can be labeled such that it is
unbiased, satisfies Dehnition 2. The demands of Definition 8 represent only
a very special kind of nonideal measurement, however. Hence the quantum
estimation iheoretic approach to certain problems through Definition 8 is
not definitive.

Note that,  s ince the bases ( lxr))r . , .  and ( lyt))n"* are f in i te-
dimensional analogs of position and momentum (we have, e.g., S;SX:
SiSj exp(i(2nln') cd) for all c, de2(221) results like Theorem 14 arc also of
interest outside this finite-dimensional context.

At this point it may be of interest to investigate whether the aspecrs
of the structure considered so far are pr:rely qlantal. ln a classical analog
{Rel.9, Ch. I) we have a finite phase space f2,: {o, ...,a,}. The states are
given by probability distributions (p ),.a; y -. a p_) 0; L_u a p. : 1. An
observable is represented in such a classical model by a set {/*(ar)}'.* of
functions (a positiae function-ualued measure, PFVM) that satisfies

Y  o . * , - . o . f * ( a ) > 0 Y - .o  L*- f  o(o) :  I

The probability of outcorne ft is given by I-.o p_-f*(a)
The most characteristic di{Ierence with the quantum case is that here

the equivalence class of maximal PFVM's is unique. AII maximai pFvM's
are equivalent to the PFVM {g*(cc)}, . .* ;  gx(a): :6t_; K:9. This
reflects the fact that in classical models any measurement can be related to
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V r , .  r ( S * O r S -  :  O t t r  ,  r l : l

1, ' ru-*L fooo:x i *s  
' '  c

(xut y,) :h"*o(, ' ] r ' )
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a determination of a property of the object system. The "maximal"
property is the system's "state." Therefore the function /a(r"o) is inter-
pretable as a conditional probability. The uniqueness of the equivalence
class of maximal PFVM's also impiies the compatibiiity of all classical
observables.(r5)

The structure induced by *'for the classical case is simpler in similar
ways. This is a consequence of the fact that the set of PFVM's on f,) is
isomorphic with respect to -t and - (and convexity) to the set of
POVM's -// <- -{; -lr : {Nr,..., l,l,} a fixed POVM with Vo llNrll : I (e.g.,
a PVM; cf. the second part of Theorem 10).

We can therefore conclude that most of the intricacies the structure
has in quantum theory are indeed unclassical, much as this is the case for
the convexity structure.(e)

Note that, ll dim(tr):2, the conditions of Theorem 8 and Theorem
9 coincide because of Theorem 5. Hence, we do not need to prove expiicitly
the converse pa:! of TheoremS and Theorem9 if dim("*):2. We shall
also use the fact that i-maximal POVM's are self-exremal (Definition ?).

Proof of Theorem 8. First the counterexample. lf dim{,tr ) > 2, there
is  a  PVM {Er ,Er ,  Er }  (V ,  E t+O) .  Def ine  t r  :  {Mr ,  Mr }  ' :  {Er  +  +E2.
\Er+Ur). This binary POVM is i-maximal, pairwise linearly independent,
and B(,4) is a simplex. It is not extreme.

The major part of the proof consist of four stages:

(a) First assume that -/,/ is not pairwise linearly independent. Then
(proof of Theorem 1. first part) there is a pairwise linearly independent
POVM 0: {O,},"; such that (9 -,4t and

*u: ,L  iu ,o , (keK)

Here {ip,} is a nonideaiity matrix such that Vk3!rAkr> 0, The matrtx {io,\
cannot consist entirely of I's and 0's because ,{/ is not pairwise linearly
independent. Such a matrix p,u,| can be written as a conv€x sum of two
different nonideality matrices. Consequently .-y'y' can be written as a convex
sum of two other POVM's, and is not extreme.

(b) Now assume that -// is pairwise linearly independent, but not
self-extremal (Definition 7). Then (Lemma 1) there is a pairwise linearly
independent self-extremal POVM O: {O,},., such tbat CI -, 'il and

M r : At,O, {k e K)T/-)

Y , .  1 1 u ,  * Y  ̂ * , ) . 0 ^ : 0
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The matrix {,1u,} cannot consist entirely of I's and 0's because "4/ is not
self-extremal. We can use the above reasoning istage a) to complete
stage b.

ic) Suppose ",// is self-extremal and pairwise linearly independent,
but B{-,i/) is not a simplex. Since L("ff1must be finite dimsnsional, there
must be a finite set JcK such that a({Mo}o.r) is not a simplex (+ the
number of elements of .r is greater than dim{I({Mu}o.r)}). Then there is
an operator XeK( {Mo}o.r)  that can be wri t ten as X: lo.rvo}/ Iofor two
distinct nonnegative finite sequences (vp)6.r. Hence there is a nontrivial
bounded sequence (a*)nu * such that lr, * anMr:0. Define

Mf ,  : :  (1+  1 ,c7 , )Ma (k  e  K :0  < , i "  <  (sup ( lao i  ) ) - ' )

Under these conditions {Mot ip.* are different POVM's, and

M&= i (MJ+Mt )  ( keK)

Hence .df ts not extreme.

{di Now suppose B("//\ is a simplex, "// rs self-extremal and pairwise
linearly independent, but not i-maximai. Then [proof of Theorem 7
(Part2), Lemma 1] there is a pairwise linearly independent i-maximal
POVM 0:{O},, ,  such that 0.- , .y ' / .  I f  the matr ix Uu} in
Mr=Ir.r,to,O, does not consist entirely of l 's and 0's, we can use the
reasoning of stage a to see that ll is not extreme. If this matrix {1.0,} does
consist entirely of 1's and 0's, the set B@) cannot be a simplex because
L@): L("//) and B((c) contains more extreme elements than B("//). Hence
O is not an extreme POVM (stage c) and can be written as the convex sum
of two different POVM's. These lead, through this same {1,u,}, to two
different PoYM's of which 

"// is a convex sum. consequentiy under these
circumstances .{4 is not extreme either. I

Proof of Theorem 9. First the counterexample. A pVM

{E, Et} (n*0, E# l) is extreme, but neither minimal nor maximal, if
dim(,/f \>2.

rl -// is minimal, self-extremal, and pairwise linearly independent, it
must be equal to I up to labeling. Such a povM is clearly extreme. A
more meaningful statement results if we assume that "// is maximal and
also satisfies the other criteria, We then have (using Theorem 2)

M & :  i M ( r )  +  ( l  - , 1 )  M l t , = +  ( 1 . : 0  v  M [ t ) -  M r )

for ail POVM's {Mf;,}r." and {M!r)}u.*. Therefore there is a non_
negative sequence (vo)r." such that Mf;):vrMr.But since -/l is self-

271



272 Martens and de Muvrrck

extremal, pairwise linearly independent, and B('{/) is a simplex, there can
be only one sequenc€ (v*)r ,  *  such that I* .r  vrMr: 1,  nameiy vt :1.
Hence it follows that M!I)- Mk. I

Proof of Theorem 13.

S,XSI :  t t x -  l l l  :X -  I  +  nEn

s-xs l :s , ( I  to - )s l :  I  f ysu- ,11o, ,
\ r e r  /  b e x

Combining these two equations, we obtain

Eo :  I  L ( t - . f o * . f uu ,11 )oo
k e  K  r t

Analogously, we have

Six(s l ) '? :  t tX  -2n :x -2+ ra (Eo+8, )

and, accordingly. 
I

t t  :  
oI.* ; ' '  

-  f ,  * -f tr, ,  -r11) oo - Eo

I

|  _ (L -  f i s , s : * . f r r u -u11 )ou
k e  K  t t

In this way we prove that there is a matrix {po,} such that
Er:Ir. x#ttOr.Since both E and (! consist of n elements. {po,} is an
n x n matrtx. The range over which the vector (xu), xr: Tr(pEo), varies for
variable p is n-dimensional. Hence {por} it invertible. There is a matrix
{ie1} such that Oo:Lt.x,i*,E,,. Since d is a PVM, U.u,} has to have the
properties of a nonideality matrix if 0 is to be a POVM. I

Proof of Theorem 14.
+

This follows easilv from the fact that

Vs. aSrEaSl : E7.
€
Every operator can be written as

n . - I  h - I

c :  I  
u \ o r "u l x , ) ( xa l
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so that we can write
a - L  a - l

S,cS; :  I  L  e* lx " ) l x r l r * r ( ,2JV_ U\

combining these two .;. j; i", gives s"GSi:;: Eot: E"dot.Hence G
is diagonal in X-representation. If we now substitute O, for G, the fact that
I is a PVM implies that the coefficients involved constitute a nonideality
matnx.

4. OPERATIONALIZATION

The structure we have introduced in the preceding section does in no
way depend on the state of the object {preparation). It relates rwo observ-
abies (measurement procedures). One of these is interpreted as a nonideal
version of the other. This means that we are dealing with relative non-
ideaiity rather than a form of absolute nonideaiity. Moreover, this non-
ideaiity deals exclusively with measurement; the object plays no part in it.

More concretely,  i f  two POVM's - f  = { l { , } , . .  and -M: {Mu}o."are
glven:

lf ,-tr - ,,/,4, we say that -4 is associated with a nonideal ".{' measure-
ment.
lf -( --+i-4(, we say that J( is associated with an invertibly nonideal
.4r measurement.

A meter realizing .// is called a "nonideal f -meter.,'The matrix {1.,,,}
is then a property of this nonideal ,{-meter, characterizing the nonideality
in a mathematically precise way, allowing us to deduce from the t/l-resulls
certain information about what the -4l-results would have been like. This
information will, however, in general be not as good as when one would
have been able to realize -,1' directly. This shows, for example, when the
measurement is used for state separation: the PovM .41 separates the
states p at least as weli as "// 

(Theorem 15). The separation is equally good
in the case of equivalence (Theorem l6).

state separation is not always important. It is often convenienr to use
the nonideal measurement to estimate one or several parameters (linear
functionals) of the probability distribution of the observable one wanted to
measure. For a given labeling, one might think of the mean value, or a
higher moment, or the probability that the outcome lies in some interval.

In general this job can be summarized as follows:

Estimate the expectation value of a given operator F e L(_(), using a
measurement of ,,//. -,{ --r./t.

213



Martens and de Muvrck

A measure for the numb€r of repetitio:rs of the experiment needed to
estimate this parameter with a given reliability is the varianie: the larger
the variance, the larger the number of repetitions needed; Ref.7, Sec. I.4
(we shall assume the variance to be finite). We shail show that. if the
estimate is possible at all using an -// measurement, the number of repeti
tions is necessarily at least as large as the number one would have needed,
had one been able to realize .l (Theorem 17).

In the case of the relation --t we speak of "invertibility" because it is
possible to estimate (F) for anyFeL(-() (Theorem 18). This means that
it is possible to calculate the entire .,tr/ distribution, if the -// distribution
is given. Then any question that can be answered using an ,4/ measurement
can also be answered using an "// measurement, although in the latter case
it may take more repetitions of the experiment.

In the case of equivalence, no reason exists to prefer either measure-
ment over the other (Theorem l9).

Theorem 15.

.{  + 
"/ /  

* Vo,, o, I
l e L

l T r ( ( p , - p r )N , ) l  >  I  l T r ( ( p , - p r )Mo) l
k €  K

where p,, p, are density operators.

Theorem 16.

".{ <- .// = Vo,, o, l T r ( (p , -p r )Nr ) l  :  I  i T r ( (p ,  -p )M, , ) l
k €  K

I
! e  L

where p, , p2 are density operators.
We havc here used the 9t norm to

of two probability distributions. Similar
distinguishabiiity measures. For instance.
advocated by Uflink and Hilgevoord,(za'zt,
derived from Minkowski's inequalitv.

quantify the distinguisbabiliti,
results may hold for other
for the "statistical distance"

theorems like the above can be

Theorem 17. Suppose that ,{ --+ -/t and that F e L(.{} is given.
Then one of the foliowine alternatives is true:

(i) F 4 L(-//);
(ii) For every sequence (gr)un* such that 2*.* gpM t= F there is a

sequenc€ (- f  , )r . ,  such that I r* . , [N,:  F and

I g?vto> I /ix,
k e K  l e L

(> F' ;  Ref.  9,  p.88 and Ref.  12)
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Theorem 18. Suppose that ..( -,' -y'y' and that F e L(.{) is given.
Then F e L{../l). For every sequence (gr)t.x such that [.r grM*: F
there is a sequence {f,),., such that 11nrf1N1:F and

I  c?Mo>L f? t ' t '
k e K  I e L

Theorem 19. Suppose that ,,{ tn,y'4 and that F e L(-{) is given.
Then F e L("//). For every sequence (f,),. rsuch that F :L.. /,N, one of
the following alternatives is true:

( i )  There is a sequence (f l ) , , ,  such thar Z,.r_f jN,:F and

.flN,

( i i )  There is a sequence (gr)*.*  such that } ."  grMr:F and

L sluo: I /iN,
k e K  l e L

On a more conceptual level we rnay say that, if -{ + ul/, an /( measure-
ment result is to be interpreted as a fuzzy -{ measurement result. The
matrix {20,} has in this connection been called a confidence function by
Prugovedki,(20) meaning that a particular "l/ rcsult corresponds to an .{
result with a conhdence proportional to ).kt. Such an interpretation is close
to a iikelihood interpretation of the nonideality matrix.

It might be tempting to substantiate this by claiming that the probabil-
ity that the real (in the naive sense of the word) resuit {of the -,f measure-
ment, which unfortunately could not be performed) was I given that our
nonideal measurement (i.e., of -4) gave k, is proportional to io,. The other
way round, ,ia, could represenl the probability that the nonideai measure-
ment gives result ft where an ideal measurement would have given /. But of
course all such statements cannot be taken literally (let alone that an inter-
pretation of the structure can be based on them), since there is generally
no event corresponding to a "real value," so that any talk of "probability"
is in this connection at best a figure of speech.

An aspect of the structure that is appealing from a physical point of
view is the fact that its dehnition is not associated with the labeling of the
outcomes in any way. This is nice because, as we noted in the lirst section,
such a iabeling, however convenient,. is generally of no fundamental tmpo>
tance {that is why the introduction of pvM's via Hermitian operators
is not satisfactory(t+i;. If we change a measurement device merely by
replacing its measurement scale by another one, the device is not changed

(  z )

T  f ' , 2N ,1  * t  I'  t J t  4
t . L  l f  )  l e t ,
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physically. This is co:]veniently represented in this structure by the fact that
two POVM's differing oniy in labeling are members of the same equivaience
class. An equivalence class consists of POVM's representing devices that
measure physically identical quantities equally well.

We have restricted ourselves here to one outcome set F. But a conse-
quence of the above label independence is that" as is easily seen, Defini-
tions 1 and 2 can be extended to the case where "// and ",t have very dif-
ferent outcome sets. It is. for example, perfectiy possible to have -4r - ,,/(,
where.,// has outcome set {red, yellow, blue} and -t has outcome set N
(or vice versa). Hence, as we required in Sec. 1, the nonideality reiation
structures the class of POVM's as a whole. irrespective of outcome set,
whereas two POVM's with outcome sets as different as in this example
cannot be connected through convexity in a natural way.

These considerations show that i-maximal (or even maximal) pairwise
linearly independent POVM's are likely candidates to represent the
"optimal" observables referred to in the first section. The observables
of most textbooks (-PVM's) are optimal in this sense, just like pure
observables (which were the observables that appeared optimal from
the convexity point of view). There are many others, however (an
interesting exampie is given by Helstrom; Ref, 7, p. 74). Moreover, cailing
observables corresponding to i-maximal POVM's optimal has some op€ra-
tional justification: they cannot be improved upon in the sense of
Theorems 15 through 19. Such justification is not available for the other
two classes mentioned.

We end this section by giving an exampie, showing that the relation
- is not only of academic intcrest. We consider photodetection for a
singie-mode optical field.(13) (This is an example on al infinite-dimensional
Hiibert space so that it is, strictly speaking, not a proper exarnple. It
is, however, only intended as an illustration of -*'s physical cor:tent.)
Introducing the number states In), it is well known that a detector with
quantum efficiency zl:l rcalizes the PVM E: {8,},.rui E*: ln)tnl.

In a more realistic situation, however, we have r7<1. In that case we
have a POVM tr: {Mo}0.* given by (Ref. 13, p.240}:

with

:"I*'o'" '

i f n < k

otherwise

*o : . {o 
""  

( ; )  qk(r  -  4) .  
k

(o
,  J"
" : i ( ; )  qk( t - i l ' -o



Nonidsal Quantum Measurements 277

Since,il,)0 and, as is easily seen, tk ),un:1, we have E --+-//. Moreover,
it is true that 6 -' .tt, since

f 0  i f k < n

" ' : ,1 
F' tM* ' 'o:1(\  

r - r t  -  1)k- , ,  otherwise
\ \i?,/

(Note that not all elements of the matrix {p,k} are nonnegative.) In this
example the nonideality is apparent: 4 < l. It shows how nonideality does
not impiy that any information is irretrievably lost.

Proof of Theorem 15.

I  tTr ( (p , -p , )Mo) l  :  I  ] r r ( ,0 , -p : )  f  ; * ,N, ) l
k e K  k e K l  \  l . t  / l

< ;  
, I  

l r t { {o '  -  Pz) , iuNr) l

: I | ;"u, 1tr11p, - pr) f,i,)l
k e K  l e L

: 
,I 

irt{{1, - pr) N,)l I

Theorem 16 is a simple consequence of Theorem 15 and Definition 3.
Theorems 17 and 18 are corollaries of the following lemma:

Lemma 2. Suppose that l' and .4/ are two POVM's as above, such
that -{ -,// with nonideality matrix {Ar,}. A sequence (g),,u" is given
such that }ur grMr and lon" glMo converge. Define

. f t : :  L  g*L t ,  (13)
k e K

Then

I  lN, :  I  coMo
l e L  k e K

and

I /lx,< I giMo
l e L  k € K

Proof of Lemma 2. It is easily seen that the lirst part is true. we shall
proceed with the proof of the second part:
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uT,* 
r'oMr- 

,Lrf?rl,

:,L *, 
{L. ri^r, - (I., r  ̂ r,) '}

*, 
_I" 

L* eu{6u-iu,- An,2,u} g*

( - \
I  gorvro :F"  I  g i l r -  j ) f  f

k c K  k e K  l r )  l . L

- \ -_ L

l € L

_ Y- / ,
I e L

N/ I tsr,/i) {60^-,1i,.,/C} (B*1-)-,1
k , m €  K

If we regard {60*..-n/iu,Jl^,} as a matrix-valued function of i eL, it is
seen to be equai to the identity matrix minus the projector onto the vector
(xl!\*. *; xf) : u/)'0,. This vector has norm 1, since

L trY')': L lkt:r
k € K  k e K

Therefore the summation over k and m aiways results in a number )0, so
that

L c 'uMo* I  /7x,>o
k e  K  l e  L

Proof of Theorem 19. The hrst part of the theorem is obvious. We
therefore proceed with the proof of the second part. We can construct, just
as in the proof of Theorem l, two pairwise linearly independent POVM's
.ft' and l/'such lhat./{'r--y'./ and -('<-+"{.If a sequence (f,),.rfor "4/
is such that there is none better [alternative (i) false]. this sequence must
have the property tbatf,-f^ for all l,meL for which Nr-N-. Through
.,y'/.-,// '<--{'*..,f , we can then for every such sequence explicitly
construct a sequence (g)*. * for ull that satishes the demands. t

Note that Lemma 2 implies that alternative (i) of Th. 19 is true iff
there is a sequence (gu)u.^ such that

f  lN ,

5. NONIDEALITY MEASURES

For certain purposes it is convenient to express how nonideal a non-
tdeal .{-meter is, as a real number. What we need is thus a mapping from
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the set of nonideality matrices to R*, satisfying certain consistency
requir€ments (see Theorem 20), Matrices like {,i*,} shouid be well known
to readers familiar with information theory. There they are used to repre-
sent discrete memoryless channels. If we restrict ourselves to the case of
finite outcome sets, information theory also supplies us with a simple
measure for the nonideaiity represented by a matrix {1.n,}: Shannon's
channel capacity (Ref. 24, Ch.I). (Compare Shannon's ordering of com-
munication channels,(2s) similar to --+.) Note that we do nottake over the
interpretation of {,te1} from information theory; we are here only interested
in finding suitable nonideality measures. Of course there are many other
measures than the ones we derive here.

Suppose two POVM's ,{ :  {N,}, . .  and ", / / :  {M*}u.* are given
such that, ,{-- t / /  wi th nonideal i ty matr ix U,o,} ;L:{ /r , . . . , / , } .  For a
given probabiiity distribution (p,),.r, define

t({Att} ;  (p,))  , :  I  L qu, log(qo, lQr p))
k e K  l e L

with

219

4*t: :  )"rr  Pt

The quant i ty I(Vkr j ;  b t))
capacity C({io,}) is defined

A * t p r  ( k e K ; l e L )

is called the mutual information. The channel
by

t . ' -  !

Def in i t ion  9 .  C( { io , \ ) i :  SUp(p , ) r .  ,UUAn, } ;  (p r ) ) } .

The following properties of the capacity are easiiy verified(16):
( i )  0<  C( { r .k / } ) ( log(n) ;
( i i )  C ( { i n , } ) : 0 o  A r r = 7 r  ( k e  K ;  t e  L ) ;

{ii i) C(Uo,}):log(n} iff rhere is for every keK at mosr one /e Z
such that ).0,>0.

The capacity shares with -* the property that it is insensitive to the
labeling of the elements of the povM. Its interpretation in this context is
straightforward: the larger c({,i.*,}) is, the smailer the nonideality {1.0,}
represents.

Up 1o this point we have, by associating C with a given --+, implicitly
assumed that the matrix {1"*,} is unique. This condition is in general
fulfilled only if B(.,1') is a simplex and.,f is both self-extremal and pairwise
linearly independent. PVM's satisfy this condition, but not ali povM's do.
Hence C is not guaranteed to be compatible with -*. This is especialiy
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clear if we take "// minimaL ln that case we would expect from a
reasonable nonideality measure that it equals zero for all J'. tf {/0,} is not
unique, C does not necessarily have this property.

Therefore we define a capacity tailored to fit a givea relation fl'+ '{l .
Defrne the set '4. of all matrices {,1,o,} connecting the POVM's -{ and.//:

( .  )
A . r  - .n : :  )1Uu ' l  

ILo ,20  n  L  ) .0 , :  I  ^  I  , la7M7:  N, .  It  I  k e K  ! = ! .  )

In view of. ..{ --+ ,/{ , thc set I can be seen as a property of thc ,ff -meter
characterizing its functioning as a nonideai -f -meter.

Define also

Tu; e )) t : {,.0,}r::., _,i1( {2u,}; {p,)) }

These are used in:

De{ini t ion 10. e ,r-* : :  sup(p/}  {7Uo, * 4, ;Qt))} .

This modified capacity is indeed a consistent quantification of non-
ideality, as can be seen from the following theorem:

Theorem 20. Suppose -{ n.// + (9:1O,,\*.-. Then

e *--"4.e .  - . -
e u  .o {e  .o  - "

This theorem is a consequence of Definition 10 and the lollowing lemma
(Ref.  16, p.27):

Lemma 3. Suppose two nonideality matrices 'r20,| and lp,*l
(.k e K, Ie L, m e M) are given. Then

/ ( _  )  \  /  ,  /  _  \ \1{ { t  ) . t tpn l : (p_ ) l< r {  { r . * , i ; {  I  !mp^ l l\  t -
\ ( l e r  )  I  \  \ - e , , l z  / /

/ ( _  I  \
1 {  I  t  i t  t pm l ;  l p ^ t l 4 t ( l p6 l : ( n_ l )\1 , " . .  ̂  )  /

for ali probabili:y distributions (p*\-.r.

The channel capacity d is not always easy to evaluate. In these cases
the followine measure can be convenient:
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Definition ll. i., * -* :: 7(4","--; (Tr(N,)ldim(tr))).

Because of Lemma 3, I sadsfies an analog of Theorem 21. In Ref. 15
we shall use this measure to derive an inaccuracy relation.
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