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Nonideal Quantum Measurements
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A partial ordering in the class of observables (~ positive operator-valued
measures, introduced by Davies and by Ludwig) is explored. The ordering is inter-
preted as a form of nonideality, and it allows one to compare ideal and nonideal
versions of the same observable. Optimality is defined as maximality in the sense
of the ordering. The framework gives a generalization of the usual (implicit)
definition of self-adjoint operators as optimal observables (von Neumann), but it
can, in contrast to this latter definition, be justified operationally. The nonideality
notion is compared to other quantum estimation theoretic methods. Measures for
the amount of nonideality are derived from information theory.

1. INTRODUCTION

In the “operational” approach to statistical theories, measurements are
associated with measures that are affine functionals on the state space. For
quantum mechanics this means that observables are represented by positive
operator-valued measures (POVM’s).(5:4:%:14)

A POVM is (for a countable or finite outcome set K) a family of
bounded linear operators {M,},. x satisfying the relations

ViexMi 20 (1)
> Mi=1 (2)
keK

(Operators are boldfaced.)

If the object system is in a state represented by the density operator p,
a {M,},.x measurement will result in outcome k with probability
Tr(pM,).

The state change that a measurement procedure induces in the object
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can also be treated in the operational framework. Since we are here only
concerned with the determinative aspects of measurement, we will in this
paper ignore the state changes accompanying a measurement. We shall
therefore not touch upon issues concerned with, for example, “measure-
ment of the first kind.”
Of special interest is the subclass of simple observables, represented
by projection-valued measures (PVM’s). PVM’s obey, in addition to (1)
and (2),
VeexM2=M, (3)

PVM’s correspond to orthogonal spectral resolutions of self-adjoint
operators (spectral theorem).

The class of observables associated with POVM’s in general is,
however, too large in a certain sense. It contains many “bad” observables
that mix information about the object system with noninformation coming
from the measurement device. One can think of a kind of “randomization”
or “noise”® affecting our meter. If this noise totally dominates our device’s
operation, it measures an uninformative observable. Such an observable is
represented by a POVM of the form

VeexMe=fi1 Ve iz 0 ) fi=1 (4)
ke K
(f, a scalar).

The outcome probability distribution of such an uninformative observ-
able does not depend on the state of the object system at all.

There is therefore a need for a structure in the class of observables that
gives us a subclass of observables maximally free from this noninformation,
observables whose outcomes are maximally associated with the object
system alone. We could call such observables. “optimal.” If it were known
what observables are optimal, we could restrict ourselves to this class, since
the properties of all measurements are characterized by those of only the
optimal ones via the structure.

In textbooks it is usually assumed implicitly, following von Neumann
and Dirac,®'® that PVM’s represent these “optimal” observables. This
identification, probably inspired by classical mechanics (cf. Sec. 3), is not
satisfactory, since it is not at all supported by operational arguments.

As a consequence, attempts have been made to generalize it. One
proposal is based on the only structure on the class of POVM’s systemati-
cally investigated so far: convexity. If two POVM’s {M, },.x and {N}ccx
with the same outcome set K are given, the set of operators {O,},.«
defined by

O, =M, +(1-2)N, (5
is also a POVM for all 1€(0, 1).
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Within the class of POVM’s with a given outcome set X there are
POVM’s {0, },.« that cannot be decomposed into other POVM’s as in
(5). Such extreme POVM’s correspond to pure observables. It has been
suggested that pure observables constitute the subclass of “optimal”
observables referred to above (Ref. 14, p.135). This class contains all
simple observables!* and more, unless the outcome set K consists of two
clements (binary POVM’s).®

The convexity structure is, however, not suitable for the task that is to
be performed here. Suppose an experimenter wants to realize a given
observable, say the one associated with the position-PVM. In general he
will only be able to realize a “nonideal” position measurement. The
convexity structure offers no clue as to which observables are “nonideal”
position observables, since it relates an observable to at least two other
observables. In other words: convexity does not lead to a concept of
nonideality that can be used to characterize the difference between the
observable the experimenter wanted to measure and the observable he was
able to realize.

One of the important characteristics a useful nonideality concept
should have is (partial) invertibility. It is after all not the nonideal
measurement itself we are interested in. We want to use its results to say
something about the measurement we wanted to perform. In the above
example our nonideal position measurement will be used to deduce proper-
ties of the exact position distribution. Convexity cannot do this.

A third disadvantage of the convexity structure is its inability to relate
POVM’s in a label-independent way. As a consequence, there seems to be
no natural way to connect two POVM’s with different outcome sets via
convexity. Since these outcome sets are merely a matter of convenience
(Ref. 14, p. 97) (nothing physical in the measurement device is changed if
we alter its scale), an acceptable structure should be insensitive to the
labeling of the observables.

The identification of pure and “optimal” observables is therefore
unsatisfactory. To gain a better understanding of problems involving non-
ideality, such as the search for “optimal” observables, we introduce a non-
ideality structure that does not have the disadvantages convexity suffers
from. After a definition of the relations generating the structure, a deriva-
tion of a number of its properties for quantum mechanics and classical
mechanics is given (Secs. 2 and 3). The quantum observables that are mini-
mally nonideal (“optimal”) in the sense of this structure are derived
(Sec. 2). The name “nonideality”) in the sense of this structure are derived
(Sec. 2). The name “nonideality” is operationalized (Sec.4). A nonideality
measure is proposed (Sec. 5).

The structure is well suited for application in areas where typically
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quantum mechanical measurement inaccuracy occurs. One such area is the
joint measurement of incompatible observables. In another paper®’ we
shall study that problem in detail.

2. DEFINITIONS AND STRUCTURAL PROPERTIES

In this paper we shall study our nonideality notion on a finite-dimen-
sional complex Hilbert space 5. We ignore superselection rules. In this
way we can get an idea of the properties the structure such a concept
generates without having to deal with too many mathematical techni-
calities. We will also restrict ourselves to POVM’s with a countably infinite
outcome set F.

A POVM 4 = {M_},.x is an element of (# *)F satisfying (2). Here #*
is the set of positive (bounded) linear operators on #. The set K< F is
now taken to be the support of 4:

K:= {keF|IM,#0}

We define for two POVM’s A4 = {M, },.x and 4" = {N,},,, the following
relation:

Definition 1.

Z Au=1

ke K
N = M= Eumegxu /..k/ZO,

Mk= Z )'klNl'
lelL
The matrix {4} is a stochastic matrix."'®) It is a property of a .#-device
(nor of the object, since it has no relation to the density operator), charac-
terizing its relation to the observable corresponding to .4, insofar as deter-
minative aspects are concerned,

A more restrictive version of the relation — is defined (for two
POVM’s .# and A as above)} by

Definition 2.

N —>i.//{2= N = M A a{p}k}eRLxKle Z lllkMk

ke K

The matrix summations in both Definition | and Definition 2, as well
as later series, are required to be clementwise absolutely convergent. This
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1s necessary because the order of summation should not be relevant for
the result. If the summation concerns only positive elements (such as in
Definition 1, but not in Definition 2), absolute convergence follows from
convergence.

These definitions can be considered elaborations of a relation used by
Davies and by Allcock (who also notes the possibility of invertibility
(Definition 2) explicitly; cf. related work by Schroeck). 3412123 A
systematic investigation has never been performed, however.

In Definition 2 the POVM .# is to represent a nonideal (“smeared”)
version of 4", If it is the case that A" —‘ #, the “smearing” can be undone
in a certain sense. We will go into these physical aspect of the structure
more closely in Sec. 4.

Define the equivalence relation:

Definition 3. A N = M > N AN M~ N,
If we define «' analogously, it is trivial to show that:

Theorem. A# — A < NV ' 4.

Thus, as is easily verified, both — and —' define a partial order
relation between the equivalence classes defined by «. In a partial order
structure it is natural to define:

Definition 4. .# is maximal 1= Vogym AN — M = N — M).

Definition 5. .# is minimal := Vpgym o (N « M = N — M)
Using —', we can define i-maximality and i-minimality in a similar
way. We introduce the following notations:

A~B:=3  z.A=cB

L(M) = {X FaeatX =Y akMk} {cf. Refs. 3 and 23)

kek

K(L/%) = {X;B(ak)eRK;akzon Z akMk}

ke K
[It can be verified that both L and K are closed. Obviously, if & — 4,
then K(A)SK(A'). If & —'.#, we have, in addition to this,
LAV )y=L(#).]
B(#):= {XeK(J/()|Tr(1X)=1}

[ The functional f(X)=Tr(1 X) is a strictly monotonic linear functional on
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the cone K(:= f(X)>0 for all nonzero X in K). Hence B is a base for the
cone K (:= there is an o >0 such that «X e B for all nonzero X in K).]49

Kool M) = LMY~ BT
B () is defined analogously to B, as the base of K.,

The extreme elements of a convex set C are denoted by ¢,.C; the elements
of the extremal rays""® of a cone K are denoted by éK:

0K:= {XeK|Vy xX-YeK=>Y~X}
Also useful is:

Definition 6. The POVM .# is pairwise linearly independeni.

Vk./eK(Mk’“M/:*k=l)

In a pairwise linearly independent POVM, no two nonzero elements lie on
the same ray. The support of a pairwise linearly independent POVM is not
unnecessarily large.

Our main results regarding structural properties are (the POVM’s A4
and # as above; proofs can be found at the end of each section):

Theorem 1. In every equivalence class there is a pairwise linearly
independent POVM, unique up to labeling.

This theorem characterizes the content of the equivalence classes.
Maximal POVM’s are characterized by:
Theorem 2. .# is maximal < V,_ M, 0% ™.

The set 04" consists precisely of operators that are up to a scalar factor
one-dimensional projectors. Note that Theorem 2 implies that there is more
than one equivalence class of maximal POVM’s. It also implies that our
definition reduces to the usual one { = nondegeneracy) for PVM’s.

Theorem 3. .# is i-maximal < V., _ M, edK_ . (#)

Theorem 4. .# is minmal < V, M, ~1 < H o F.

Hence uninformative observables are represented precisely by minimai
POVMs. The trivial POVM {1} is denoted by 4.
Evident is (Definition 2):
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Theorem. .# is maximal = .# is i-maximal; .# is minimal = # is
i~minimal.

Less obvious are perhaps:

Theorem 5. If dim(s)=2, a POVM is i-maximal iff it'is either mini-
mal or maximal. This is not true if dim{#}> 2.

Theorem 6. .# is minimal < .# is ji-minimal;
A 18 i-maximal < .# is i-minimal.

The structure is closed in the sense that:

Theorem 7. For every POVM .# there is a maximal POVM
A — M ; for every POVM # there is a i-maximal POVM A -’ #; for
every POVM . there is 2 minimal POVM 4" « _#; this last assertion is
not true for i-minimality and ‘«.

Proof of Theorem 1. An arbitrary POVM ./ = {M,}, .« is given.
Divide K into subsets:

H = TS K|V [V e xM~M,, <> mel]}
Obviously  can be mapped into F. We have
Viexdlyexked
This allows us to define the POVM A" = {N,},, ,:
N,:=Y M,

kel
This POVM is pairwise linearly independent by construction, and
obviously .# <> #". We have thus shown that there is a pairwise linearly
independent POVM in every equivalence class. We shall now proceed to
show that it is unique up to its Iabeling.

Suppose two POVM’s A" ={N,},., and 0={0,},,., are given
such that A"« O and such that both POVM’s are pairwise linearly
independent. There exist nonideality matrices {4,,} and {g,,} such that

N,= 3 4,0, (leL), 0,=)Y p N, (meM)

meM le L

Define

Vim - = %(51:’71 + 2 #k//%/m> (k, me M) (6)

le L
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Then

O,= Y 7,0, (k,meM) ' (7)

meM

If we use the notation p,, =Tr(pQ,,) (p arbitrary), this amounts to the
eigenvalue equation p, =3, . s Vim P (€igenvalue 1). A matrix like {7}
can be used to represent a Markov chain with stationary transition
probabilities."” Seen from that point of view, Eq. (7) means that this chain
has a summable stationary distribution {one for every p).

If a nonempty set J< M has the property that V.., 3, Vem = 1, we
call it closed. If the set J has no proper closed subsets, it is minimal closed
(or, equivalently, essential).®) It can be shown that, given that (7) is
satisfied and that v,,.,,0,,#0, a nonempty proper subset of M is closed
if its complement in M is either closed or empty.

Now introduce the index set I, which we shall assume to be nonempty:

I'= {meMl|y,,,<1}

Then /, the complement of I in M, is either empty or closed in M, which
means [ is also closed. Look at the smallest closed set J; = I containing {/}
for some iel Since [ is closed and not empty, there is such a subset. Then
on J, the eigenvalue equation reduces to

Pr= Z Vim Pom (ke']t) (8)

meJ;

The matrix {7y, } &.m e, has, because of (6), a period® equal to 1. Since
the set J, is minimal closed by construction, the stationary summable dis-
tribution is unique up to a scalar factor (Ref. 2, Theorem 1.7.1). (For finite
J, this is a consequence of the Perron-Frobenius theorem; Ref. 19, p. 219.)
This means that (8) has a solution

D = Ad,, {meM,.120)

for some fixed nonnegative sequence (a,,). This would imply for (7) that
0, ~0, if k, me J,. Since O was pairwise linearly independent by assump-
tion, this means that J; cannot contain other elements than 7 But then the
eigenvalue 1 can only be achieved if y,; =1, contradicting the definition
of L

Since p was arbitrary, / does not contain any minimal closed subset
and must be empty. Hence yu., = 2/t thirhim =Ormn- Similarly, one can
prove that 3, . s Arw it = 0. 1t is not difficult to see that this implies that
{Am} and {u,,} must be permutation matrices. §

This means that the way we constructed a pairwise linearly indepen-
dent POVM in the earlier part of this proof is essentially the only way.
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Proof of Theorem 2.

=

Since our Hilbert space is finite dimensional, there is an affine decom-
position into (not necessarily orthogonal) one-dimensional projectors for
every positive operator, and consequently also for every M, e (M}, «:

M/c= z Ckm |¢km><l//kml (keK> CkaO) (9)

m=0,1,.

The set L:= {(k,m)e FxN|c,, #0} can be mapped into F. Consequently
this decomposition gives us a POVM 4 = (Numbtemyers N = M:

N = Com Wi > Wt ((k, m)e L)

Hence, for a given POVM .# there is always a POVM 4 = {N,},., such
that A" — .# and V, . N,€ 62 *. But since we assumed .# to be maximal,

N,=3 i,M;,  (leL;{4i,} a nonideality matrix) (10)

kekK

We have V,.,N,e0% ", which means that all nonzero elements on the
right-hand side of (10) must be ~N,. Since there can be no k € X for which
there is no /e L such that 4, >0, it follows that V,_. M, 0% *.

<

Suppose that .# satisfies the premise (i.e., V.M, €0# ™). We can,
just as in the proof of Theorem 1, construct a pairwise linearly independent
POVM "= {M,,} . such that # < {M,},.xand ¥, ,, M, c0%".
Suppose there is a pairwise linearly independent POVM 4" = (N}, ,
satisfying A" — .#'. Then there exists a nonideality matrix {4} such that

M, =Y LN, (meM)

le L

Since V., M, € 08" and 4" is pairwise linearly independent, there is for
every /e L precisely one meM such that N,~M. . Moreover, since

Zmeum %m=1, for every /€ L such that N, # 0 there is an me M such that
N,=M,,. Hence .# —» 4. i

Before we proceed with the other proofs, we shall introduce another
property a POVM can have, and prove a lemma for it:

Definition 7. The POVM .# = {M, } . « is self-extremal := ¥, . M, e
OK(MA ).
[In a self-extremal POVM no element can be written as a nontrivial
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convex sum of other elements. Note that i-maximal POVM’s are self-
extremal. ] '

Lemma 1. For every POVM # there is a self-extremal and pairwise
linearly independent POVM 4 ={N,},., such that 4 —'.# and
vleLEkeKNZNMk‘

Proof of Lemma 1. The set B(.#) is closed since K(.#) is closed, and
it is bounded since
sup  [X-Y[<2 sup [X]

X.YeB(H) X € B(A)

€2 sup TrX})=2< o

XeB(A)
The set B(.#) is also convex. It is a subset of the space Z(#) of linear
operators on . Since J# is finite dimensional, so is #(#). Therefore,
using Minkowski’s and Carathéodory’s theorems,'") we see that every

element of B(.#) can be written as a convex sum of finitely many elements
of dgB(A). 1t is not difficult to see that!!®

8pB(M)=B(M)GK(M)
For these reasons there is a countable set {X,},., = .B(.#) such that we

can write

M=) 24X, (keK;ua,y20)

le L

We can assume that for every /e L there is a k€ K such that a,,> 0. If this
were untrue for some /ye L, we would not have included X, in {X;},.,.
Moreover, 3, . x % has to be finite because 3, . x M, =1 and X, # 0 for all
le L. Now define

N;:

( Y ock,> X, {lel)

ke K

-1
/'Lk,:za,d(z cxk,> (keK;leL)
ke K

It follows that A" = {N,},., is a self-extremal and pairwise linearly inde-
pendent POVM, and that {4,,} is a nonideality matrix. Hence A" — 4.

Since V,. N, e K(.#), there must be a nonnegative matrix {f,} such
that

N,= Z BuM, (leL)

ke K
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Since also V,., N,e0K(.#), all nonzero terms on the right-hand side
must be ~N,. Consequently for every me L there is an /e L such that
Nm’VM[ I

Note that, although the relation of Lemmal is a stronger relation
than —, we cannot in general achieve equivalence.

Proof of Theorem 3.

=

We can, for a given POVM .#, construct a pairwise linearly inde-
pendent POVM 4" = (N}, , such that /" -’ # and V., N, € 6K, (M),
using an algorithm similar to the one we used in the proof of Lemma 1.
Assume .# is i-maximal. We must then have

N,=Y i.M, (leL;{4,} a nonideality matrix) (11)

kek

Since V., N,€ 0K,,.s(#), all nonzero terms on the right-hand side of (11)
must be ~N,. There can be no ke X for which there is no /e L such that
A >0, so it follows that V. M, € 6K, ().

<=

Suppose that .# satisfies the premise (i.e., Vi xM, € 0K (). We
can, just as in the proof of Theorem I, construct a pairwise linearly
independent POVM .#'={M,,},.. satlsfymg Ve M,, €0K, . (M) =
0K ax (M) and 4 'n#. Suppose there is a pairwise linearly independent
POVM 4" = {N,},., satisfying /" —'.#. Then there exists a nonideality
matrix {4,,} such that

= z }'mINl (mE IW)
leL

Since V,, . wM’ € 0K, (A") and 4" is pairwise linearly independent, we
have V,.,3,,.,N,~M,. Combining this with ¥, . 4i.,=1 gives
Vier3menu N, =M, . Hence A4 — A |

The proof of Theorem 4 is simple, if one realizes that every POVM 4
such that A"« .# is equivalent to .#, and that for every POVM 4 it is
true that # « 4.

Proof of Theorem 5. If dim(s#) =2, we only have to show that if .#
is i-maximal and not minimal, it is maximal. We can always write

M= Ep+ Bl = (e — ) Ep + ¢4 1 (ke K)

Here E, is a projector onto a one-dimensional subspace. We assume
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(without loss of generality) that ¢, = ¢,, for all ke K. There must be at
least one kq € K for which ¢, ; > cy,,, since .# is not minimal {Theorem 4).
This means that

Ot = Crpko #me K)=>M,, € L(.F) = K(M)\OK(H)

Since .# is i-maximal, there can be no such m (Theorem 3). Consequently,
we must have ¢, > ¢,, for all ke K. Then it follows that

OK(M) = {X |3 x0<X~E,}

Since V, . «{E;, Ef } £6# " and an i~maximal POVM is self-extremal, this
means (Theorem 2) that .# is maximal.

If dim(s#)>2, the PVM {E,E*} (E#0,E#1) is i-maximal, but
neither maximal nor minimal. i

Proof of Theorem 6. For the first part we only need to prove that an
i-minimal POVM is minimal Suppose .# is i-minimal, but not minimal.
Choose a POVM 4 with the same support as .#, such that
VieexNp=ce1#0. Define

Obviously 0= {O,},cx is a POVM satisfying # —' . Because of our
assumption, we must also have ¢ — .#, or

M, = Z VM (ke K)

le K

with
Vi = At + (1 — 4) ( Z llkmcm>

mekK

{Wm } @ nonideality matrix for ¢ - .4

It can be seen that for the matrix {y,,} the whele index set K is minimal
closed. Hence we can use reasoning similar to that of the proof of
Theorem ! to complete this proof.

The second part of the theorem is immediately clear if one considers
Theorem 4, Definition 2 and the above. |

Proof of Theorem 7. First note that for a given POVM .# one can
find a maximal POVM A" — .# simply by using (9). Because the decom-
position (9) is in general not unique, there exist in general many non-
equivalent maximal POVM’s related to a given POVM.
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We now proceed with the second assertion of the theorem. For a given
POVM . one can find an i-maximal POVM 4" —' . by repeating the
construction of the proof of Lemma 1, using K, () instead of K(.#).
Because the corresponding base B, () is not always a simplex, this
i-maximal POVM is in general also not unique. )

The third assertion of the theorem is trivial. The fourth is a
straightforward corollary of Theorem 6. 1

3. MISCELLANEOUS RESULTS

In this section we shall give some other results characterizing the
structure. Moreover, these results can be used to compare it to approaches
that are more common in the literature.

The connection between the structure induced by — and the convexity
structure is indicated by the following theorems:

Theorem 8. If the POVM .# is extreme, then it is j-maximal and
pairwise linearly independent and B(.#) is a simplex. The converse is true
only if dim(s#) = 2.

Theorem 9. If a POVM .# is maximal or minimal and it is pairwise
linearly independent and B(.#) is a simplex, then it is extreme. The con-
verse is true only if dim(s#)= 2.

Since PVM’s are always extreme,®'¥ PVM’s are i-maximal and
pairwise linearly independent. A maximal PVM is the PVM associated
with a complete orthonormal basis. We can therefore conclude that a maxi-
mal POVM on C” must have at least n elements.

In special cases POVM’s can be related to PVM’s via the nonideality
structure (Ref. 7, p. 87; Ref. 8):

Theorem 10. For every binary POVM /# = {M;, M, }, there is a
PVM & = {E,} . ¢ such that & — 4. Suppose # = {M,},.x is a POVM.
Then Vi e x[Mi, M1 =0 3pyp 6 — .

This theorem is easily proven (the first assertion follows from the fact
that [M;,M,]_=[M,,1-M,;]_=0).

An interesting feature of the relation — is its connection to the
representation of a POVM in terms of a PVM on a larger Hilbert space.
This procedure is common in quantum estimation theory. It is based on a

theorem due to Naimark (for the proof of which see, e.g., the book by
Holevo®):
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Theorem 11. For every POVM {M, },_ x on # there is a Hilbert
space ', a density operator p' on #’, and a PVM {E,},.x'on # ® #'
such that

M, =Tr,p (p'Ey) (12)

The link is given by:

Theorem 12. Suppose # ={F,},., is given as the PVM of
A=Y, . aF ,on # If {(E,},.pon #®# isthe PVM of B=3,. ; bE,
and B can be written as a function #(A, C) of A and an Hermitian operator
C on #', then M4 ={M,},. » defined as in (12) has the property # — .«
for every density operator p’ on #'.

The proof of Theorem 12 is straightforward, using the spectral
theorem on J#".

Besides Naimark’s theorem, covariance and unbiasedness are key
concepts in quantum estimation theory (Ref 7; Ref. 9, Ch.3; cf. also
Refs. 12 and 17). We will sec whether these concepts are related to our non-
ideality relation. Define on # =C" a PVM & = {E, },.x:

E, = x.>{xl keK={0,.,n—1}
where (}x,> )& 15 an orthonormal base for #, and

S,i= Y Ixpres 1330 <l [[k1]:= kmodn

kekK

X:

I

T kE,

ke K

Covariance and unbiasedness are defined by

Definition 8. The POVM € = {0, }, .« is covariant

VieexS: 0,8, =017
The POVM 4 = {N,},., with the labeling (f}),., is unbiased

Z f1N1=X

le L

(S, and K as above; L arbitrary)
Then we have the following theorem:
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Theorem 13. For & and K as above and 0= {0,},.« a POVM,
vkeKSkasi:'O[[ki'lU

=& S0
a(fk)kel( Z fkok =X
k
Note that neither covariance nor unbiasedness (for some labeling) is by
itself sufficient for -» or —'. There is, however, a stronger relation between
— and another symmetry property. To show this, we introduce a second
orthonormal base (iy,>),. x on C”, such that

1 2
(x| y,>=—~exp(z‘—’r kl)
Jn n

and a shift operator 8, analogous to S,. Then
Theorem 14. For & and S, as above and 0 = {O,},., a POVM,
&>0<+VY,,8,08/=0, (invariance)

We see that symmetry properties are quite usable within this structure,
although its definition does not depend on them. In particular, we have
shown that a covariant observable that can be labeled such that it is
unbiased, satisfies Definition 2. The demands of Definition 8 represent only
a very special kind of nonideal measurement, however. Hence the quantum
estimation theoretic approach to certain problems through Definition 8 is
not definitive.

Note that, since the bases (|x;D>)icx and (|ye))ecx are finite-
dimensional analogs of position and momentum (we have, e.g., S;Si=
$4S¢ exp(i(2n/n) cd) for all ¢, de Z*) results like Theorem 14 are also of
interest outside this finite-dimensional context.

At this point it may be of interest to investigate whether the aspects
of the structure considered so far are purely quantal. In a classical analog
(Ref. 9, Ch. T) we have a finite phase space 2 := {®,,.., w, }. The states are
given by probability distributions (p,)ec0; Yoeo 20 =0; SweoPo=1. An
observable is represented in such a classical model by a set { fi(w)},.x of
functions (a positive function-valued measure, PFVM) that satisfies

vkeK,mlek(w)?’O vwe[) Z fk(w)zl

ke K

The probability of outcome & is given by 3, p. fil®w)

The most characteristic difference with the quantum case is that here
the equivalence class of maximal PFVM’s is unigue. All maximal PFVM’s
are equivalent to the PFVM {g(®)}icx; gx(®):= 6,,; K=. This
reflects the fact that in classical models any measurement can be related to
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a determination of a property of the object system. The “maximal”
property is the system’s “state.” Therefore the function f.(w) is inter-
pretable as a conditional probability. The uniqueness of the equivalence
class of maximal PFVM’s also implies the compatibility of all classical
observables. )

The structure induced by —' for the classical case is simpler in similar
ways. This is a consequence of the fact that the set of PFVM’s on Q is
isomorphic with respect to —' and — (and convexity) to the set of
POVM's # « A; & = {Ny,..,N,} a fixed POVM with ¥, [N, =1 (e.g,
a PVM; cf. the second part of Theorem 10).

We can therefore conclude that most of the intricacies the structure
has in quantum theory are indeed unclassical, much as this is the case for
the convexity structure.®®’

Note that, if dim(s#°) = 2, the conditions of Theorem 8 and Theorem
9 coincide because of Theorem 5. Hence, we do not need to prove explicitly
the converse part of Theorem 8 and Theorem 9 if dim(#)=2. We shall
also use the fact that i-maximal POVM’s are self-extremal (Definition 7).

Proof of Theorem 8. First the counterexample. If dim(#°) > 2, there
is a PVM {E,E;,E;} (V,E,;#0). Define .#={M,,M,}:={E, +1E,,
iE,+E,}. This binary POVM is i-maximal, pairwise linearly independent,
and B(4) is a simplex. It is not extreme.

The major part of the proof consist of four stages:

{a) First assume that . is not pairwise linearly independent. Then
(proof of Theorem 1, first part) there is a pairwise linearly independent
POVM 0= {0,},., such that O — .4 and

M,= Z 4Oy (ke K)
lelL
Here {4} is a nonideality matrix such that ¥,3!,4,,> 0. The matrix {1}
cannot consist entirely of 1’s and 0’s because .# is not pairwise linearly
independent. Such a matrix {4,,} can be written as a convex sum of two
different nonideality matrices. Consequently .# can be written as a convex
sum of two other POVM’s, and is not extreme.

(b) Now assume that .# is pairwise linearly independent, but not
self-extremal (Definition 7). Then (Lemma 1) there is a pairwise linearly
independent self-extremal POVM € = {0, },., such that ¢ - # and

M, = Z 4Oy (ke K)

le L

VzeLakeKVm;ez}Lkmzo
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The matrix {4} cannot consist entirely of 1’s and 0’s because .# is not
self-extremal. We can use the above reasoning (stage a) to complete
stage b.

{c) Suppose # is self-extremal and pairwise linearly independent,
but B(.#) is not a simplex. Since L(.#}) must be finite dimgnsional, there
must be a finite set J< K such that B({M,},.,) is not a simplex (<> the
number of elements of J is greater than dim{L({M,},.,)}). Then there is
an operator X € K({M, } .,) that can be written as X =%, _, v, M, for two
distinct nonnegative finite sequences (v.).., Hence there is a nontrivial
bounded sequence (a;), ., such that ¥, . . a, M, =0. Define

M= (1t da ) M, (keK;0<i<(sup (Ja)™")

keK

Under these conditions {Mf },. « are different POVM’s, and
M, =M +M;)  (keK)

Hence .# is not extreme.

(d) Now suppose B(.#} is a simplex, .# is self-extremal and pairwise
linearly independent, but not i-maximal. Then [proof of Theorem 7
(Part2), Lemma 1] there is a pairwise linearly independent i-maximal
POVM (¢={0,},., such that O —'.#. If the matrix {,} in
M, =3, 44,0, does not consist entirely of 1’s and 0’s, we can use the
reasoning of stage a to see that .# is not extreme. If this matrix {4,,} does
consist entirely of 1's and (’s, the set B(() cannot be a simplex because
L(O)= L(.#) and B(®) contains more extreme elements than B(.# ). Hence
0 is not an extreme POVM (stage ¢) and can be written as the convex sum
of two different POVM’s. These lead, through this same {1}, to two
different POVM’s of which .# is a convex sum. Consequently under these
circumstances .# is not extreme either. 1

Proof of Theorem 9. First the counterexample. A PVM
{E,E*} (E#0,E#1) is extreme, but neither minimal nor maximal, if
dim(s#) > 2.

If # is minimal, self-extremal, and pairwise linearly independent, it
must be equal to .# up to labeling. Such a POVM is clearly extreme. A
more meaningful statement results if we assume that .# is maximal and
also satisfies the other criteria. We then have (using Theorem 2)

M =IMM + (1 - MP = (1=0 v M{H ~ M,)

for all POVM’s {M{"},.x and {M{»},_.. Therefore there is a non-
negative sequence (v;)..x such that M{"=v,M,. But since .# is self-

825/20/3-2
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extremal, pairwise linearly independent, and B(.#) is a simplex, there can
be only one sequence (v)i.x such that ¥, ,v,M, =1, namely v,=1.
Hence it follows that M{") = M,. 1

Proof of Theorem 13.
S.XS!=[[X-1]]=X—-1+nE,

SXXSi=SX(Z fk0k>sl= Y Siwe-1m10k

ke K ke K

Combining these two equations, we obtain

1
E,= Z ;(1 ~ fe+ froe—137) Ox

ke K

Analogously, we have
SIX(S1)=[[X~2]]=X-2+n(E,+E,)
and, accordingly,

1
E = Z ;(z*fk + frrk—21) O —Ep

ke K

1
=2 U =St fre-am) Ok

ke K

In this way we prove that there is a matrix {u,} such that
E,=%,cx 4/0,. Since both & and O consist of n elements, {u,} is an
n x n matrix. The range over which the vector (x,), x, = Tr(pE,), varies for
variable p is n-dimensional. Hence {u,,} is invertible. There is a matrix
{Aw} such that O, =3, x A,,E,. Since & is a PVM, {4,,} has to have the
properties of a nonideality matrix if @ is to be a POVM. | |

Proof of Theorem 14.

=
This follows easily from the fact that

Vke KS}:EkS; = Ek
<=
Every operator can be written as

n—-1n—1

G= Z Z 8ab 1 X4 0 {Xpl

a=05b=0
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so that we can write

n—1n—1
S,68= % T suboulen (iZa—0)
a=0b=0 n
Combining these two equations gives S, GSf; =G« g,=§,0,. Hence G
is diagonal in X-representation. If we now substitute O, for G, the fact that
& is a PVM implies that the coefficients involved constitute a nonideality
matrix. 1

4. OPERATIONALIZATION

The structure we have introduced in the preceding section does in no
way depend on the state of the object (preparation). It relates two observ-
ables (measurement procedures). One of these is interpreted as a nonideal
version of the other. This means that we are dealing with relative non-
ideality rather than a form of absolute nonideality. Moreover, this non-
ideality deals exclusively with measurement; the object plays no part in it.

More concretely, if two POVM’s 4" = {N,},_, and .# = {M,},« are
given:

If A" — M, we say that .4 is associated with a nonideal .#° measure-
ment.

If #" =", we say that .# is associated with an invertibly nonideal
A measurement.

A meter realizing ./ is called a “nonideal 4#"-meter.” The matrix {4,,}
is then a property of this nonideal .4"-meter, characterizing the nonideality
in a mathematically precise way, allowing us to deduce from the .#-results
certain information about what the .4 -results would have been like. This
information will, however, in general be not as good as when one would
have been able to realize .4~ directly. This shows, for example, when the
measurement is used for state separation: the POVM & separates the
states p at least as well as .# (Theorem 15). The separation is equally good
in the case of equivalence (Theorem 16).

State separation is not always important. It is often convenient to use
the nonideal measurement to estimate one or several parameters (linear
functionals) of the probability distribution of the observable one wanted to
measure. For a given labeling, one might think of the mean value, or a
higher moment, or the probability that the outcome lies in some interval.

In general this job can be summarized as follows:

Estimate the expectation value of a given operator F e L(4"), using a
measurement of 4, A& > 4.



274 Martens and de Muynck

A measure for the number of repetitions of the experiment needed to
estimate this parameter with a given reliability is the variance: the larger
the variance, the larger the number of repetitions needed; Ref 7, Sec. 1.4
(we shall assume the variance to be finite). We shall show that, if the
estimate is possible at all using an .# measurement, the number of repeti-
tions is necessarily at least as large as the number one would have needed,
had one been able to realize 4" (Theorem 17).

In the case of the relation —' we speak of “invertibility” because it is
possible to estimate {F) for any Fe L(A") (Theorem 18). This means that
it is possible to calculate the entire .4 distribution, if the .# distribution
is given. Then any question that can be answered using an .4#" measurement
can also be answered using an .# measurement, although in the latter case
it may take more repetitions of the experiment.

In the case of equivalence, no reason exists to prefer either measure-
ment over the other (Theorem 19).

Theorem 15.

vV_'Jﬂ:'"Vpl,pz Z 'Tr((p, —p2) N))| = Z ITr((p, ~ p2) M)

le L ke K

where p,, p, are density operators,

Theorem 16.

N ol =Yy o, Y ITr((py—p) N = 3 [Tr((p, — p;) M,)]

lelL ke K

where p,, p, are density operators.

We have here used the %' norm to quantify the distinguishability
of two probability distributions. Similar results may hold for other
distinguishability measures. For instance, for the “statistical distance”
advocated by Uffink and Hilgevoord,**?”) theorems like the above can be
derived from Minkowski’s inequality.

Theorem 17. Suppose that A — .# and that Fe L(.4") is given.
Then one of the following alternatives is true:

(i) Fe¢L(A),

(ii) For every sequence (gx)r.x such that 3, . 2, M, =F thereis a
sequence (f;),., such that ¥ ,_, /;N,=F and

Y &M= Y fIN, (= F%Ref 9, p. 88 and Ref. 12)

keK le L
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Theorem 18. Suppose that 4" —'.# and that Fe L(./") is given.
Then Fe L{.#). For every sequence (g,),.x such that 3, ,gM,=F
there is a sequence (f}),., such that 3, ., /;N,=F and

z &M, > >IN

kekK lel

Theorem 19. Suppose that A" «».# and that Fe L(A) is given.
Then F e L(#). For every sequence (f;),., such that F=3,_, f,N, one of
the following alternatives is true:

(i} There is a sequence (f),., such that Y,., f/’N,=F and

WEADIWEY

ie L 75 le L

(i) There is a sequence (g )i« such that 3, . x g, M, =F and

Z giM, = Z fiN,

ke K lelL

On a more conceptual level we may say that, if 4" — .#, an .# measure-
ment result is to be interpreted as a fuzzy .4 measurement result. The
matrix {,,} has in this connection been called a confidence function by
Prugovecki,*® meaning that a particular .# result corresponds to an A"
result with a confidence proportional to 4,,. Such an interpretation is close
to a likelihood interpretation of the nonideality matrix.

It might be tempting to substantiate this by claiming that the probabil-
ity that the real (in the naive sense of the word) result (of the .#" measure-
ment, which unfortunately could not be performed) was /, given that our
nonideal measurement (i.e., of .#) gave k, is proportional to 4,,. The other
way round, 4, could represent the probability that the nonideal measure-
ment gives result £ where an ideal measurement would have given /. But of
course all such statements cannot be taken literally (let alone that an inter-
pretation of the structure can be based on them), since there is generally
no event corresponding to a “real value,” so that any talk of “probability”
is in this connection at best a figure of speech.

An aspect of the structure that is appealing from a physical point of
view is the fact that its definition is not associated with the labeling of the
outcomes in any way. This is nice because, as we noted in the first section,
such a labeling, however convenient, is generally of no fundamental impor-
tance (that is why the introduction of PVM’s via Hermitian operators
is not satisfactory’®’). If we change a measurement device merely by
replacing its measurement scale by another one, the device is not changed
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physically. This is conveniently represented in this structure by the fact that
two POVM’s differing only in labeling are members of the same equivalence
class. An equivalence class consists of POVM’s representing devices that
measure physically identical quantities equally well.

We have restricted ourselves here to one outcome set F. But a conse-
quence of the above label independence is that, as is easily seen, Defini-
tions 1 and 2 can be extended to the case where # and .4~ have very dif-
ferent outcome sets. It is, for example, perfectly possible to have A" — .,
where .# has outcome set {red, yellow, blue} and 4" has outcome set N
(or vice versa). Hence, as we required in Sec. !, the nonideality relation
structures the class of POVM’s as a whole, irrespective of outcome set,
whereas two POVM’s with outcome sets as different as in this example
cannot be connected through convexity in a natural way.

These considerations show that i-maximal (or even maximal) pairwise
linearly independent POVM’s are likely candidates to represent the
“optimal” observables referred to in the first section. The observables
of most textbooks (~PVM’s) are optimal in this sense, just like pure
observables (which were the observables that appeared optimal from
the convexity point of view). There are many others, however (an
interesting example is given by Helstrom; Ref. 7, p. 74). Moreover, calling
observables corresponding to i-maximal POVM’s optimal has some opera-
tional justification: they cannot be improved upon in the sense of
Theorems 15 through 19. Such justification is not available for the other
two classes mentioned.

We end this section by giving an example, showing that the relation
— is not only of academic interest. We consider photodetection for a
single-mode optical field."* (This is an example on an infinite-dimensional
Hilbert space so that it is, strictly speaking, not a proper example. It
is, however, only intended as an illustration of —’s physical content.)
Introducing the number states |n), it is well known that a detector with
quantum efficiency # =1 realizes the PVM &= {E,}, . n; E,=[n)>{n].

In a more realistic situation, however, we have # < 1. In that case we
have a POVM # = {M, }, . given by (Ref. 13, p. 240):

i n
M=} E, (k)n"(l—n)”"= Y wE,
n=k

nelN
with

0 ifn<k

Aan=
‘ <Z> (1 —n) otherwise
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Since 4,, =0 and, as is easily seen, >, 4,,=1, we have § — .#. Moreover,
it is true that & —' .#, since

0 ifk<n

E.= ) tuM B =19 [k :
,EN e * ( ) n¥n—1)k""  otherwise
n

(Note that not all elements of the matrix {u,,} are nonnegative.) In this
example the nonideality is apparent: # < 1. It shows how nonideality does
not imply that any information is irretrievably lost.

Proof of Theorem 15.

z ITr((py —p2) M) = Z

Tf((Pl—Pz) Z ;‘kzN1>

ke K ke K le L
< Z z ITr((py — p2) AuN,)|
keK le L
= z Z At | Tr((ps — p2) NJ)|
keK lelL
= Z {Tr((p, — p2) N |
le L

Theorem 16 is a simple consequence of Theorem 15 and Definition 3.
Theorems 17 and 18 are corollaries of the following lemma:

Lemma 2. Suppose that 4" and .4 are two POVM’s as above, such
that & — 4 with nonideality matrix {4,,}. A sequence (g.)c.x is given
such that 3, . x g.M, and ¥, x g2M, converge. Define

fii= Z 8iclni (13)
ke X
Then
Z SiN, = Z g:M,
ie L ke K
and
Z N, < Z giMk

le L ke K

Proof of Lemma 2. It is easily seen that the first part is true. We shall
proceed with the proof of the second part:
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Z giMk_ Z f?Nl

ke K leL
( 2

= Z N/i Z gi)~k1‘< z gk;-/c/> }
le L ke K ke K

= Z N, Z Z gk{ékmik/‘“ikllmz} &m
el keK mekK

= TN Y (@A) Bim =Nt ot} (8on S P
le L k,me K

If we regard {4, — V/'Tk; /i) 28 @ matrix-valued function of /e L, it is
seen to be equal to the identity matrix minus the projector onto the vector

(xNeexs xP= /4. This vector has norm 1, since

2 (x{)’ = z A= 1

ke K ke K
Therefore the summation over k£ and m always results in a number >0, so
that

L &M -3 fiN;20 I

ke K lelL

Proof of Theorem 19. The first part of the theorem is obvious. We
therefore proceed with the proof of the second part. We can construct, just
as in the proof of Theorem I, two pairwise linearly independent POVM’s
A" and A"’ such that #' «— 4 and &' — A If a sequence (f)),., for A&
is such that there is none better [alternative (i) false], this sequence must
have the property that f,=f,, for all J, me L for which N,~ N,,,. Through
Mo M o N > N, we can then for every such sequence explicitly
construct a sequence (g.)..x for . that satisfies the demands. i

Note that Lemma 2 implies that aiternative (1) of Th. 19 is true iff
there is a sequence (g, )xex Such that

<
Z g«M=F A Z giMk{#} 2 fsz
le L

ke K kek

5. NONIDEALITY MEASURES

For certain purposes it is convenient to express how nonideal a non-
ideal 4 -meter is, as a real number. What we need is thus a mapping from
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the set of nonideality matrices to R™, satisfying certain consistency
requirements (see Theorem 20). Matrices like {4,,} should be well known
to readers familiar with information theory. There they are used to repre-
sent discrete memoryless channels. If we restrict ourselves to the case of
finite outcome sets, information theory also supplies us with a simple
measure for the nonideality represented by a matrix {4, }: Shannon’s
channel capacity {Ref. 24, Ch.1). (Compare Shannon’s ordering of com-
munication channels,®®) similar to —.) Note that we do not take over the
interpretation of {4} from information theory; we are here only interested
in finding suitable nonideality measures. Of course there are many other
measures than the ones we derive here.

Suppose two POVM’s A" ={N,},., and # = {M},., are given
such that A" — .# with nonideality matrix {A,}; L= {l,.,1,}. For a
given probability distribution (p,),.,, define

I({}vkz};(l’/))3= Z z G 108(q4)/(rie 1))

keK iel

with

Gu "= APy Tii= Z A P (keK;leL)

lelL

The quantity 7({+.}; (p,)) is called the mutual information. The channel
capacity C({A,,}) is defined by

Definition 9. C({4,}):= SUP (e, H{ Ak} (D)}

The following properties of the capacity are easily verified *®:
1) 0< C({)'kl}) < log(n);

(i) C({Au})=0<Ay=7, (keK;le L},

(ii)) C({44})=log(n) iff there is for every ke K at most one /e L
such that /,,> 0.

The capacity shares with — the property that it is insensitive to the
labeling of the elements of the POVM. Its interpretation in this context is
straightforward: the larger C({4,,}) is, the smaller the nonideality {4,,}
represents.

Up to this point we have, by associating C with a given —, implicitly
assumed that the matrix {4} is unique. This condition is in general
fulfilled only if B(.#") is a simplex and 4" is both self-extremal and pairwise
linearly independent. PVM’s satisfy this condition, but not all POVM'’s do.
Hence C is not guaranteed to be compatible with —. This is especially
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clear if we take .# minimal. In that case we would expect from a
reasonable nonideality measure that it equals zero for all A", If {4,,} is not
unique, C does not necessarily have this property.

Therefore we define a capacity tailored to fit a given relation 4" — 4.
Define the set 4 of all matrices {4,,} connecting the POVM’s 4" and .4

Ay yi= {{;.k,}\;.k,zo,\ Y iu=1aY Ak,M,=Nk}
ke K iel -

In view of 4" — .#, the set 4 can be seen as a property of the .#-meter
characterizing its functioning as a nonideal .4 -meter.
Define also

KA (p)) = inf  {I({A}s (p))}

{Ailedv . a

These are used in:

Definition 10. C, _, , = sup,, {H4,_ +;(p)}

This modified capacity is indeed a consistent quantification of non-
ideality, as can be seen from the following theorem:

Theorem 20. Suppose A — # — O ={0,,},.c - Then

This theorem is a consequence of Definition 10 and the following lemma
(Ref. 16, p. 27):

Lemma 3. Suppose two nonideality matrices {1} and {u,,}
(keK,le L, me M) are given. Then

I <{1§L ;_k,m,,,}; (p,,,)) <I ( (i }s (’EM Him pm>>

1({ Y /lk/u/m}; (p,,,)) <I{pim s ()

le L

for all probability distributions (p,.)me rr-

The channel capacity C is not always easy to evaluate. In these cases
the following measure can be convenient:
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Definition 11. [, _ ,:= 1A, , ,; (Tr(N,)/dim(#))).

Because of Lemma 3, [ satisfies an analog of Theorem 21. In Ref. 15
we shall use this measure to derive an inaccuracy relation.
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