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The proof of a result analogous to that in Koelman and de Muynck [Phys. Lett. A 98, 1
(1983)] is given for the case of unbounded observables. If two, not necessarily bounded,
observables are represented by a positive operator-valued measure, then the measurement of
any of them is undisturbed if and only if they commute. The Naimark theorem on dilations of
spectral functions is exploited. A stronger version of Wigner’s theorem is given.

I.INTRODUCTION

It has been shown in Ref. 1 that the commutation of two
observables can be implied by a kind of minimum principle.
However, the proof given in Ref. 1 is valid only for bounded
s.a. operators with discrete spectrum. In the present paper
we prove an analogous result, without this restriction.

Il. UNIQUENESS OF THE ORTHOGONAL SPECTRAL
MEASURES

We start with a simple observation that the Kadison
inequality for dilations can be extended for unbounded oper-
ators in the following sense.

Lemma 1: Let B be an unbounded s.a. operator in a
Hilbert space H, let P be the orthogonal projection onto a
Hilbert subspace H, of H, and let A = PBP be a s.a. operator
on H,. Then for every feD(4 %) ND(PB*P),

(f|A°f)<(f|PB?Ff).

Proof> We have P<1, thus for all geD(B?)

(Bg|PBg)<|Bgll* = (¢B°g).
For heD(BPB)ND(B?) we have

(h |BPBh)<(h |B°h).
Hence, for feD(A4?)ND(PB*P) [then feD(BP)],
PfeD(B*)ND(BPRB). Putting & = Pf, we have heD(BPB),
and thus

(fI(PBPYf)<(f|PBPf). m
In a symbolic way we write

(PBP)><PB*P.

With the same notation as in Lemma 1 we have the fol-
lowing lemma.

Lemma 2: Let P be an orthogonal projection and B a
s.a. operator. Then

(PBP)* = PB’P (D
if and only if P commutes with B (i.e., P commutes with the
spectral projections of B).

Proof: If P commutes with B, then obviously (1) holds.

Conversely, let (1) hold. Then D(4*) = D(PB>P),
where, as before 4 = PBPisas.a. operator. Let E denote the
spectral measure of 4 and let A be a bounded Borel set in R'.
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Denote 4, = E(AYAE(A) = AE(A). Then 4, is a bound-
ed s.a. operator in H,. Further, we have

A, = E(A)PBPE(A) = E(A)BE(A),
since E(A)<P =1, . Thus the operator E(A)BE(A) is
bounded for every bounded Borel set A in R*. By the assump-

tion we have
A,>=PE(A)YB’E(A)P

= E(A)B’E(A) = (E(A)BE(A)Y,
that is, for every feH,
(fIE(A)BE(A)f) = |[BE(A)f|* = | E(A)BE(A)f ],

and thus BE(A)f = E(A)BE(A)f.
Obviously, for every n = 1,2,..., we have

B"E(A)f = B"~'E(A)BE(A)f
= = E(A)B"E(A)f=A"E(A)f.

Because for all bounded Borel sets A and all feH the vectors
E(A)fare analytic for the operator 4, they are also analytic
for the operator B. The set { E(A)f|feH, A bounded Borel} is
densein H|. Thus, by the standard argument, for every tcR!,
we have

e"PE(A) = E(A)e"BP.

It follows that B commutes with all spectral projections of 4,
and, in particular, with the projection P. O

As a corollary to the above lemmas we have the follow-
ing proposition.

Proposition I: Let A be an unbounded s.a. operator in a
Hilbert space H, and let M be a positive operator-valued
(POV) measure over the real line R'. Suppose that
A = fAM(dA), where the integral converges strongly on the
domain D(A4) of 4 (see Refs. 2—4). Then for every feD(A4 %)

y 2f=J/12M(d/1)f 2)

if and only if M is an orthogonal spectral measure, i.e., itisa
projection-valued measure over R'.

Proof: By the Naimark theorem™? for any POV measure
M there exists a Hilbert space H,, such that HC H,, and a
projection-valued measure E, over R’, such that E, is the
dilation of M by means of the projection P: H,— H, i.e., for
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every ACR', M(A) = PE,(A)P. Defining B = fAE,(dA),
we have 4 = PBP. Applying Lemma 2, we obtain

M(A) =PEy(A)P=E (A)P=E(A),

for all Borel sets A in R', where E is the orthogonal spectral
measure of the operator 4. Thus the POV measure M is
identical with the spectral measure of 4. O

lItl. THE MINIMAL SPREADING PRINCIPLE

Suppose now that A4 represents an unbounded observ-
able associated with a physical system X. Thus we can as-
sume that A is an unbounded s.a. operator in a Hilbert space
H, affiliated with the von Neumann algebra % generated by
bounded observables verifiable in the system X. This means
that all the spectral projections of A4 belong to the algebra .
Without loss of generality we can assume that 3 is a factor.
The states of the system are represented by probability mea-
sures on the lattice of orthogonal projections of %. By the
generalized Gleason theorem® such measures are given by
normal linear states on . If feD(A), then the integral
f/l,uf(E ', (dA)} is well defined for the probability measure
1(Q) = (f|Qf), where E is the spectral measure of the
operator A. Following this we say that a probability measure
w1 over the lattice of projections 2” of the algebra 9 is affiliat-
ed with the domain of A4 if the integral

pt) = [ 2ulE, (@2) (3)

is convergent. Then we write unD(4). It is easy to see that i
can be weakly approximated by the measures ./, feD(A). It
can be also shown that if unD(4,) and unD(4,), then
pld, +4,) =ud,) +pu(4,).

Suppose now that unD(4 ?) for a given s.a. operator A.
Define

0o (A) =p(A?) — pu(4)™. (4)

Suppose further that there exists a POV measure M over the
real line, such that

y =f/1M<d/1>, (5)

where the integral converges strongly. Let us write formally
2
Oy’ (A) = J/l uW(M(dA)) — (Jxl,u(M(d/t))) .

Although we formulate the following results in full gen-
erality for any unD(A), it is enough to consider only mea-
sures i, with feD(A4). Therefore, we omit the proofs of the
following lemmas, which in the case of the measures z, are
trivial.

Lemma 3: For every unD(A) the integral fAu(M(dA))
exists and is equal to i (4).

Lemma 4: 1f for two s.a. operators A, and 4,, we have
A,<A,, then for every probability measure unD(4,)
N.D(A,) the following inequality holds:

,LL(A1)</~L(A2)

By Lemma | we have always

A2<fAZM(dﬁ) = PB’P
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(see notation in Sec. I1). Thus, for every unD (A4 ?), we have
the inequalities of Jensen type: 0,,7(4)>0, and 0,7(4)>0.
Moreover, by Lemmas 3 and 4, the spreading is positive,

5(A) = 04> (A) — 0,3 (4) = f/l UM (dA)) — (A7) 0.

Thus we are ready to prove the following result.

Proposition 2: For a given observable 4 and for every
state unD(A4 2) the infimum of the values of o (A) for all
possible POV measures M is achieved on the spectral mea-
sure £, of 4,1.e.,6(4) =0ifand onlyif M = E,.

* Proof* If M = E, then, obviously, 0,°(4) = 0,,7(A4)

and 5(A4) = 0.

Conversely, if 6(4) =0, then, in particular, for every
feD(A?) [we should assume D(A4 ?) = D(PB?P)]

0 = u,(PB*P) — u,((PBP)?) = u(PB*P — (PBP)?).

Since, by Lemma 1, (PBP)°<PB’P in D(4?)
ND(PB*P), then PB2Pf= (PBP)Y, for feD(4%).
[D(PB?*P)isdensein H, cf. Ref. 2.] Hence, by Proposition 1,
it follows that M = F . O

IV.INCOMPATIBLE OBSERVABLES

Finally, we apply the results obtained above to couples
of observables which possess joint POV distributions.

Lemma 5: Two (not necessarily bounded) observables
Aand C have a joint POV probability distribution M over R?
[i.e., M is a POV measure over R?, such that M(R?) = 1,
A= JAM(dA XR"),and C = [yM(R' Xdy)1, if and only if
there exists a Hilbert space H, and two strongly commuting
s.a. operators 4, and C, in H,, respectively, such that
A = PA,P and C = PC,P, where P is the orthogonal projec-
tion P: H,—~H.

Proof: By a straightforward extension of the Naimark
theorem” onto the case of R? there exists a Hilbert space H,,
such that the POV measure M has a dilation to an orthogo-
nal spectral measure E, over R*, with respect to the projec-
tion P: H,— H. Since the marginal measures E,(R' X ) and
E,(-XR') are projection valued, then the operators
Ay = JAE,(dA XR'") and C: = [yE(R' Xdy) are s.a. op-
erators and mutually commuting. The result easily fol-
lows. d

Proposition 3: Let 4 and C be two observables in the
system 2 which have a joint POV probability distribution M.
Suppose that for every state unD(A4 *) of the system I we
have 0,>(4) = 7,,°(4). Then 4 and C commute.

Proof: By Lemma 5 there exists a Hilbert space H,, such
that HC H,, and 4 and C can be dilated to two commuting
operators A, and C, in H,,. By Proposition 2, it follows from
the assumption that

E, =M({-xXRY.
It is easy to see that since for all Borel sets A, A’CR/,
Ey(AXRYEN(R'XA") = E;(R'XA"YE,(AXRY),
and
E, (A) =E,(AXR"YP,

we have
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E,(A)feD(C) and CE,(A)f=E,(A)YCf

for every feD(C).

In particular, by the argument similar to that in Lemma
2 concerning analytic vectors, we get the commutation of
E, (A) with the spectral projections of the operator C. Thus
A and C commute. O

Proposition 3 is a stronger version of Proposition 6.1,
Chap. II, in Ref. 3. There the commutativity is derived from
the minimal spreading of both observables. In the above
Proposition 3 one of the marginal distributions can be a gen-
uine POV measure, not necessarily a projection-valued one.

The above result can be interpreted as follows. In ortho-
dox quantum mechanics only observables corresponding to
mutually commuting self-adjoint operators are believed to
be jointly measurable. The Naimark theorem, as exploited in
Lemma 5, permits us to extend the notion of joint measurabi-
lity to so-called incompatible observables which correspond
to noncommuting s.a. operators. Thus, the joint measure-
ment of 4, and C, described in Lemma 5 can be interpreted
as a joint measurement of 4 and C, with

M(di XR') = PE,(dA XR")P,
M(R'xdy) = PE,(R'xdy)P.

It follows that two incompatible observables are jointly
measurable whenever they have a joint POV probability dis-
tribution in the sense of Lemma 5. The question whether any
pair of incompatible observables allows a joint POV prob-
ability distribution, and, hence, is jointly measurable, is not
discussed here. For the position § and momentum p many
examples are well known. >’

The notion of a POV measure makes it possible to give a
generalized definition of a quantum mechanical measure-
ment of incompatible observables. Qur present results ex-
tend the results of Ref. 1 onto the general case of unbounded
observables, including position and momentum. It has been
demonstrated that it is possible to measure jointly these ob-
servables only when a mutual disturbance is allowed, affect-
ing the second (and higher) moments of both distributions.
As a corollary to this result we prove a stronger version of
Wigner’s theorem.*®

Corollary 1: There is no phase-space representation of
quantum mechanics which satisfies all of the following three
requirements: (i) the distribution function f(g,p) on R* of a
state with the density operator p is the expectation value of a
s.a. operator M(q,p) (defining a POV measure over R), i.e.,

flg.p) =Tr[pM(q,p)];
(i) fg,p) >0;
and (iii) either

f Sfg.p)dp = (q,p9) (6)

or

J flg.p)dg = (p,pp).
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Proof: The impossibility of the phase-space representa-
tion is implied by Proposition 3, because the operators
g = fgM(q,p)dq dp, and p = [pM(q,p)dq dp would com-
mute if the conditions (i)—(iii) were satisfied. d

Notice that in the previous version of Wigner’s
theorem®® both conditions in (iii) are required. A similar
result was obtained by Twareque Ali and Prugovecki'® un-
der the additional hypothesis of covariance under the Gali-
lean group.

Corollary 2: (iii)’ The operator which corresponds to a
phaseQSpace function of the form A(q) + B(p), where A(q)
and B(p) are arbitrary Borel functions, is 4(§) + B(p),
thus

A@G) +B() = f {4(q) + Bp)IM @) dgdp  (T)

implies both conditions in (iii), and hence, it is not a weaker
condition, as assumed in Ref. 9.

Proof: According to Proposition 1, in order to prove
(6), itis sufficient to take 4 (¢) = 1, ¢, and g7, and B(p) =0
in (7). O
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