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Abstract. We study a quantum non-demolition (oND) set-up for the measurement of
photon number, employing the optical Kerr effect. A method for the compensation of the
negative effects of self-phase modulation is discussed. Losses are taken into account. It is
seen that the performance of the device is limited in the first place by losses, rather than by
self-phase modulation.

1. Introduction

The conventional way of counting photons, i.e. detecting them with a photomuitiplier
or some such device, results in their annihilation. In recent years, however, several
proposals have been made to measure photon numbers without absorbing the light
upon which the measurement is performed [1-8]. In such a quantum non-demolition
(onD) scheme it is possible to perform a second measurement on the outgoing signal
beam yielding information about phase [9]. This realises an analogue of Heisenberg’s
famous y-microscope Gedanken experiment for the joint measurement of two incom-
patible observables, thus making the oND scheme also interesting from the point of
view of the quantum theory of measurement [10].

Basic to the problem of the joint measurement of incompatible observables is the
inaccuracy or non-ideality induced in the measurement results of one observable by
adapting the measurement arrangement so as to yield also information on the second
one. A theory of non-ideal quantum measurements was developed [11], allowing a
characterization of the non-ideality thus induced. The existence was demonstrated of
a theoretical lower bound to the measurement accuracies.

We first discuss in section 2 a basic set-up, based on the optical Kerr effect. This
device can be seen as an application of the theory of the non-ideal measurement of
photon number. Contributions to the non-ideality stem from: (i) self-phase modula-
tion caused by an intensity-dependent index of refraction, and inducing additional
noise in the photocurrent, (ii) losses due to absorption in the Kerr medium. After
discussing in section 3 the non-ideality of this experiment in the idealized case in which
self-phase modulation and losses can be neglected, in section 4 the influence of self-
phase modulation is discussed. It is demonstrated that in the basic set-up this non-
linear effect increases the inaccuracy of the measurement, and cannot be compensated
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Figure 1. Basic set-up. The signal beam S is passed through a non-linear Kerr medium K,
placed in a Mach—Zehnder interferometer. This interferometer is driven by a laser,
emitting a field in coherent state |8). The transmittivity of the first beamsplitter is y. The
paper focuses on a y =+ scheme. V indicates a delay, which controls the reference beam
phase: D and D are two identical detectors. Primes label outgoing fields.

for completely. An alternative measurement set-up is proposed in which this effect
can be compensated for completely in the lossless case. In section 5 the influence of
losses on the functioning of the alternative device as a non-ideal photon meter is
discussed. It is demonstrated that, although the losses reduce the effectiveness of the
compensation, the alternative set-up is still preferable for small interaction times.
Finally, in section 6 the dependence on losses of the alternative set-up as a QND
measuring apparatus is investigated.

2. Basic set-up

One type of onND scheme involves an optical Kerr medium placed in a Mach—Zehnder
interferometer [1,2]. The basic set-up is shown in figure 1. A probe beam P and a
signal beam S are passed through a medium K (length ¢) with a third-order non-
linearity. Assuming both signal and probe fields to be single mode, the effect of the
medium can be described by the application of an interaction Hamiltoniant H; for a
time = €/c[1, 2],

H,= xONsNp + 53 ON3 + 13N (1)

(carets denote operators; #=1; indices indicate the fields the operators work on,
corresponding to figure 1). Since H, commutes with the free field Hamiltonian
Hy=(Ns+Hws+ (Np+Hwp, we can use in the following the interaction picture
having H, as a Hamiltonian. As the first term in (1) indicates, the probe beam acquires
a phase shift proportional to the signal photon number Ns. This phase is measured by
mixing the probe beam and a reference beam L in a balanced detector: we measure
the difference in the photocounts of detectors D and D. Consequently our read-out
observable, referred to as X,,.,., is

Xineas = Np — Np = i(@pdy - — apd}.). (2)

+ The yx for the three terms in (1) are in principle different, depending on frequency and polarization of the
light fields. This has been neglected. An analysis with three different y would, however, be completely
analogous to the one presented here.
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We shall at first neglect the last two terms in (1). Then we can derive for the output
of this scheme (Heisenberg picture)

Xoneas = ildiexp(ity O Ns + ig)a, — drexp(—ity N — ig)d]]. €)
We have included a /2 phase jump for every reflection. The reference beam phase ¢
can be controlled via a phaseshifter (V in figure 1).

The probe beam and the reference beam L are obtained via a beam splitter from a
single source, a laser that produces a coherent state |3). Accordingly, the probe mode
is brought into the state |[\/y8)5, the reference mode into [iV'1 - y8); , again including
a n1/2 phase jump from the reflection. Here y denotes the transmittivity of the first
beamsplitter (see figure 1). In the present paper we focus on a set-up with y=%. A
second type of scheme involves a homodyne detection of the probe beam. This can be
treated analogously to the following, if we let y— 0, while keeping Vy8 = constant.

3. Non-ideality and measurement characterization

As shown by (3), a read-out of X, will yield information on the photon number in
the incoming signal state, Ns. In fact, the probability that the X ., readout will yield
outcome x, can be written in the form

prob £,

- (x)=Z, A(x|n)probg(n) V.. Alx|n)=0,V, f Alx|n)dx=1. (4)
From (4) we see two things. Firstly, the outcome probabilities are not generated by a
projection-valued measure, as prescribed by von Neumann, but by a more general
type of object: a positive operator-valued measure [12] (Povm). A discrete povMm {M,}
is a set of operators that satisfies

V.M, =0 M =1 (5)
For an object state g, the probability of obtaining outcome k is then given by
Tr(6M,). We do not demand that M}=M,, so that the M, are not necessarily
projectors.

The second thing we note in (4) is the particular form of the outcome distribution.
It is a ‘smeared version’ of the N distribution. Even if the input photon number is
sharp, the measurement outcome is not quite certain. Elsewhere [11] we have used
the term non-ideality for this relationship between the measurement povMm and the
observable it is intended to measure, here Ng. Thus, although we do not realize a
measurement of photon number in the sense of von Neumann, the Kerr device can
still be seen as a non-ideal photon number meter.

The precise measurement statistics can be derived once probe and reference beam
states are given. In the set-up of figure 1 these are the coherent states |Vy8)p and
[iV1—yB)., as we saw in the previous section. We take ¢ = 71/2, which is optimal in a
y=4 scheme [6]. Taking expectation values over the probe and reference states,
equation (3) gives

<)A(meas>l>+L.nS = Iﬁ |2 Sin(TX(B)nS) (6)
conditional on the S-photon number ng. More generally the conditional probability

distribution of the output variable Xmess €an be obtained from the characteristic
function

(eXP(icX eas))p+ L.ng = €xp[| B (cos(c) — 1) +i| B]? sin(zy Png)sin(c)].  (7)
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If the probe beam is strong enough, (7) may be approximated by
(exp(iCXmeas)>P+L. ng = eXP["‘%w '262 + 1|ﬁ lein(TX(a)nS)c] ‘ (8)

This is the characteristic function of a Gaussian with mean 4 and standard deviation o
given by

= <X/meas>P+LA ng = ZSin(TXG)ns) (9)
02 = <A2XmeaS>P+L.ﬂs = |IB '2'

Here (AZ)A(meaQHL‘nS: = (()A(meas—<XmeaS))2)p+L. s denotes the read-out variance, con-
ditional on the signal photon number ng. The set-up is therefore characterized by the
noise o and the gain G, G: = |gu/dng|. These may be combined in a measure for the
device’s inaccuracy as an Ng meter:

1
O = o T cos (e ) (10

The device functions linearly in the low photon number regime (zyxP(Ns)<1),
because there we may approximate (9) and (10) according to

=B Fns

6’\]% = 6(;: = U/G.nS:(J =

] (11)
xV|B|

and hence the non-ideality function A of (4) satisfies
1
/1(x|n)x(2n)‘”20‘1exp<—ﬁ (Gn—x)2>. (12)

For the characterization of a non-destructive measurement device, such as this
one, measurement inaccuracy is not the only parameter. In fact, four ‘correlations’
may be distinguished [5]:

(1) Xmeas(—)NS
(11) measeNS
(iii) NS<—>NS
(iv) gsops

the 8" observables to be measured in the outgoing signal field S’ (cf figure 1); (p is a
phase observable [9]. Firstly, it is of course important how good a measure of Ns the
read-out observable X, is. Precisely this aspect has just been quantified by means of
the device’s measurement inaccuracy O, (or d,). Secondly, in a non-destructive device
it is possible to prepare an output signal state with an approximately known number of
photons, conditional on the measurement outcome. Case (iii) indicates the losses in
the device. The last correlation involves input and output signal phase. Its quality
shows to what extent phase, the observable conjugate to photon number, is disturbed
by the instrument. The phase disturbance is complementary to the measurement
inaccuracy (i) [10]. Because this fourth aspect, and its complementary relationship
with (i), has been treated in [9], and because the third is a straightforward function of
the losses in the medium, we will focus in the present paper on the first two. In
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addition to J,, we therefore need a characterization of the quality of the correlation
between X,.., and N . First define the correlation coefficient,

<XmeasNS > < meas><NS'>

C(Xmeas ’ NS') = <A2X >1/2<A2NS/>1/2 N (13)

Here (A’X,...): ((Xmeas (Xmeas))?) denotes the unconditional read-out variance.
Now consider the N distribution. As losses have been neglected so far, Ny = Ns.
Hence the joint probability distribution of X, and Ny satisfies

probyg,. ens(x, ) =A(x|n)probyg, (n) (14)
the function A(x|n) being given, in the linear regime, by (12). If we use the fact that
both noise and gain in (12) are independent of the signal photon number, the
correlation coefficient can be calculated to be

C(Kpeas, N G(aNs)

( meas 3 S') - (G 2<A2NS’> + 02)1/2<A2N5r>1/2

=(0°G XA Ng) '+ 1)1, (15)

Note that the joint distribution (14) can be seen as the unconditional Ny distribution,
multiplied by a narrow function of n. Thus, for the quality with which the X, result
determines the outgoing signal photon number, it is the n-width ¢ of this multiplying
function which is important. As this function approximately equals the Gaussian (12),
clearly e=9,. Then (15) suggests the quantity

1
2. = 7 N w 2N ’
£ <C2(Xmeas > NS’) 1) <A NS) (16)

as a suitable ‘preparation inaccuracy’ measure, representing the inaccuracy in an
estimation of ng from the X,.,, data obtained in this idealized set- -up.

4. Self-phase modulation

In both the homodyne and the y = 7 schemes, however, the situation worsens as soon
as the two N terms in (1) are included. These become important in a non-resonant
Kerr medium as probe and/or signal strength increase. Including the two terms, we
get for the probe beam at time 7:

Gp=dp eXp[—iTx“)(Ner%Np—%)]. a7n

The X, distribution will still be of the same form as (4). But the N? terms in H, cause
a broadening of the probe states in the phase direction (‘crescent squeezing’) [1]. This
effect is known as self-phase modulation (spm). As it is precisely the phase of the
probe beam that contains the Ny information, the spm spoils the quality with which
this information can be detected. It increases the device’s noise. Without the self-
phase modulation effect it would follow from (10) that the inaccuracy can be reduced
indefinitely by increasing |3|. An analysis including spm [9], however, shows that this
is not the case because the non-ideality function of the measurement changes into a
convolution of (12) with a distribution function representing the extra noise, thus
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increasing the quantity o, from (11) according to
00=[(zx VBN 72+ 3 BIT = (ry V)~ 172 7, (18)

Thus, inclusion of self-phase modulation causes the measurement inaccuracy to have a
non-zero lower bound. The preparation inaccuracy ¢ is similarly affected.

In the literature several proposals can be found for dealing with the effects of self-
phase modulation by a clever choice of the reference beam phase ¢. Thus, in [13] the
effect of the shift in the pump wave is taken into account by a suitable interaction
picture. In [1] it is demonstrated that, for the homodyne receiver (where the probe
strength is given by B="Vy8<p), the choice

@=cot™(zxV| 5[ (19)

of the reference beam phase can cancel the contributions of spM to the measured
observable. In [9], however, it was shown numerically that this only holds up to a
certain intensity of the probe beam, above which the effects of crescent squeezing on
the initially coherent reference beam can no longer be neglected. From the numerical
calculation it follows that, although for each value of | 3|* the measurement inaccuracy
can be decreased by an optimal choice of ¢ (see also [3]), it is in general not possible
to counter the effects of spm completely. For large probe intensities |3 the optimal
value of ¢ differs from (19) (see figure 2 of [9]). We found it possible, by choosing the
optimal value of ¢, to improve the lower bound (18) to

0o =0[(rx™) . (20)

In [2] two methods are proposed in order to avoid the self-modulation effect,
namely (i) using a resonant y* medium at a frequency o = ws+ wy, (ii) cancelling the
effect by means of a negative y medium. Here we propose an alternative scheme
having the same effect. This scheme is based on the set-up of figure 2, which was first
considered by Imoto and Saito [6] in their discussion of losses. Again y=1. Three
identical Kerr media are used. Then we can derive

dp = exp(—ity VNp — Lity O Ny )dp.

— expl(—iry ™, — iy O — ity Ny e
ar-=exp(~ity Ny — Hry N +ig)a,.

=exp(—ity PN, — ity ON, + ip)a .

S S'
P' <
K
P"
Vv
— D
K2 L K3 Ln 1/2 .
M : lout
D

Figure 2. Set-up with compensation. The set-up of figure 1, with y=1 | is supplemented
by two more Kerr media, identical to the first. These compensate for the effects of self-
phase modulation on the probe beam P.
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Substituting these into (2), we see that the spm disappears out of X,,, altogether,
yielding (3) once again. The spMm is completely compensated fort.

5. Losses and inaccuracy

So far, however, we have neglected the effect of losses in the media. As these are
never completely transparent, losses may be expected to be the next performance
limiting factor [6]. In a single mode optical field, the effects of losses may be described
in the Schrodinger—Markov picture [15] by a quantum stochastic master equation
(h=1),

o . as G A
5 = "\H. pl-+E(@pat =[N, p. ). (22)
Equivalently, in the Heisenberg—Markov picture, we may use
A
o =(i[H, A]_+¢(atAd—3[N, A] ))x- (23)

Note that in (22) pure states do not in general remain pure. If A= watd, coherent
states form the only exception. In (23) the notation (A)y indicates that the equation’s
derivation involves reservoir averaging [15] so that (AB)g#(A)r(B)x in general.
Combining (23) with (1), we get the evolution equation for two modes with Kerr
interaction and losses:

A <

or

Al +¢ 3, (@ida— 8. A1) @4)

I=P,S
Equation (24) can be explicitly solved to give (see appendix)
((aFmapnaimay)(t)ye = aymai™exp[C(t) + D(t)Np + E(t)Nglapa  (25)

with

C(t) = _%(ml + ny + m, + nz)lg

+i[mym, — nyny 4+ (mi — nd) + {(mi — nd) ey ®

D(t) — E(mz—n2+1/2m1—1/2n1)(t) E(t) — E(ml—n1+l/2m2—1/2nz)(t)

and
& —imyVexp(imty® — &f)

=(m)  —_

Z0(t): —log< = imy® > . (26)
We may approximate Z for small tx® by

1—exp(~t 1218 exp(—15) — exp(—2t
=) = p(—1) iy € exp(—18) — exp( C)mzxm2 @)

g 2¢?

T The compensation goes a little differently if the three y are not equal. Let xp, 1 and ypp denote the x
that L and P beams experience in the Kerr medium. Then, since L and P beams have the same frequency,
L= Xpp- The interaction time 7; for K; must then be taken t3=1y,/(2y.p— y,) to effect a complete
compensation.

1 Note that the sub-unity quantum efficiency # of the detectors D and D is neglected. When included, this
simply leads to an increase of d by a factor ' (see e.g. [14]). We have also neglected that the £ may be
different for the different modes. If we did include this, the reasoning would remain completely analogous.
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for small { by
E0(t) ~imiy Oexp(—E) ~ tm’ Ly Pexp(~i5). (28)

Thus the losses lead, amongst other effects, to an attenuation of the correlation
between N; and the probe phase, and hence to an attenuation of the correlation
between N and X,,.,.. Nevertheless, even with losses, we have a non-ideal photon
meter in the sense of (4).

For the set-up of figure 2, we need to employ (25) three times, once for each Kerr
medium. This leads to

(@parr = (dpdi)(T)exp(ip))x
= (apexp[—tC + D(1)Np + E(0)Ny. +igldr)r
= ap exp[—2t¢ + D(z; T)Np + E(1; T)N + F(7)Ns + ig)d, (29)
with
D(t; ) : = ZC19(¢: 1) E(ty; )= ZWE-1(4 0 1)
F(t):=ZY()
and
ET(n; ) 1= 6+ 1p). (30)
The parameter ¢, is defined by
E(t) = E7(1).
Note that E(t; t,) = D*(1,; 1,). Hence (¢ =n/2)
(@pdrYpeLsras =~ BI* exp(—278 + Refexp[D(z; )] = 1} B* + F(r)ns).

(1)
For small #y*®, the approximation
1—exp(—15))
exp(E(m; —m)(t; t)) -1 :\,v[__lz_(_ﬁ]_ imx(.’))
1~ 2tLexp(—t5) —exp(—2t s
B p(—#5) —exp( )m2x<3>- (32)

gz
is useful. For small ¢ this further simplifies into
exp(E™ (1 1)) — 1= imt*Cy Vexp(—15) — 3 m*r Ly exp(—3Z).  (33)

With the aid of (29)-(31), 4 and G can be determined (see appendix). An analogous
calculation yields 0. From these 9, follows, and is plotted in figure 3. For small 7y,
using (27) and (32)

Gexp(—178) - ,sinh(z8) — 78\ 12
Ox_l_—_ex—p(——tg)<(x( |B1)*exp(318) + | 8] T) (34)
~[(zx?|B]) " *exp(31%) + 78| B
=exp(378)(38/x ) H(xy )~ (35)

The latter approximation holds for small {, employing (33) and (28). As the set-up of
figure 2 contains three media, compared to only one in figure 1, it is clear that the
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Topt/ To

5]

Figure 3. Performance of y =4 set-up with compensation (figure 2}, for fixed length 7 =1,
(dotted curve) and for optimally chosen 7= Topt (full curve). The performance is calculated
from (29)-(31). It is plotted against the local laser strength |4|. Top! Ty 18 also indicated
(chain curve, right y-axis). (ro§=10"% 1oy ¥ =4 x 1071%).

effects of the attenuation of probe and reference beams is larger in the set-up with
compensation. Moreover, (34) shows that losses reduce the effectiveness of the
compensation. Nevertheless, comparing (35) to (18), we see that the minimum
inaccuracy has been reduced roughly by a factor [(z£)"]. Thus, for low 7¢, the set-up
with compensation is still preferable to the set-up without.

What we have not looked at so far is the interaction length 7. This parameter may
be varied, for given § and y®. Initially accuracy will increase with z, but as losses
become more important, attenuating both probe and signal beams, the quality will
eventually decrease with increasing 7. Hence there is an optimal value Tom for 7. For
small |3, losses dominate and the second term (spm) in the square root factor of (34)
may be neglected, so that

Top = (1/8)l0g(2). (36)

For large | 8|, the influence of spm dominates, and we may use (35), including & only to
lowest order, to get

Top~ (B BCx 7). (37)
Combining the 7., estimates for the two regimes with the expressions for the
inaccuracy, we find

So~45(x1B) ™ (38)
0o~ (HE|BI/xP)*V3 (39)
for small and large |3/, respectively. Equating (38) and (39), we obtain the estimate
min(d,) =~ 0((&/x*)"?) (40)

for the best achievable inaccuracy. Both the optimum (40) and the two regimes are
clearly distinguishable in figure 3.
6. Losses and output

As noted earlier, for larger values of g, the set-up of figure 2 is no better than that of
figure 1. For low ||, however, 7., is large. Indeed an evaluation of min(J,) for figure
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1 shows that it is slightly lower than (40), though of the same order. But because
Ns = Nsexp(—7¢), an optimization of 7 leads to large signal losses. Then most of the
advantages of using a QND set-up are lost. In other words, in most cases of interest we
will prefer a situation with low ¢, rather than one with 7= .. Then the compensated
scheme works best.

The correlation between Ny and X,, can be evaluated analogously to the
measurement inaccuracy for the set-up of figure 2. This gives for small 7y, using
definition (16),

1—2tgexp(—18) —exp(—21)

ezx(TX(s)'ﬂ')izexp(z‘[C)ﬁ- 2(TC)2 |ﬂ¥2
N (2 1- r@exp(—(zg; exp(—1¢) B exp(——rC)) af
1 —exp(—15)\?
ey
. (2 1 —rCeXp(—ré)z— exp(—18) _exp(_1€)> e
(t8)
~0¢ exp(—1§) + rexp(—378)|al’. (41)

The latter approximation is valid for small 7{. Hence also in the lossy case, the
preparative quality is linked directly to the measurement inaccuracy, with deviations
only for larger signal levels, |a|=0[|S1].

7. Discussion and conclusions

The compensation method of figure 2 provides a perfect compensation for spMm, if
losses are neglected. But if they are not, the intensities in the compensating medium
K; are different from those in the other two media. This has the consequence that the
compensation becomes imperfect, as is evidenced by (34). If the set-up could be
arranged so that compensation and P-S interaction were to occur simultaneously, this
effect would be countered. A crude way of approximating this goal is sketched in
figure 4. We have replaced the three media of length 7 by n triples of length 7/#. In this

Figure 4. Set-up with distributed compensation (y=%). Instead of one triple of Kerr
media, as in figure 2, we use n triples. This counters the adverse effects of losses on the
compensation of the self-phase modulation.

o
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1Bl

Figure 8, Performance of the ¥ = 4 scheme with the compensation of figure 2 (chain curve)
and of a homodyne set-up (y<€1), plotted as a function of the local laser strength |8].
Indicated are homodyning variants using an optimal choice for @, both with (full curve)
and without (broken curve) losses. Note that for given 8 the probe field strength is
different for homodyne and y=- schemes, due to the difference in y. (t&=10"%
"W =4x10""%; homodyne: y=10"*)

way the P-S interaction remains of the same strength, whereas the spm term in (34),
i.e. the second term in the square root factor, is reduced by a factor n™2, As n—s»
this term disappears, and we get a system effectively described by an interaction
Hamiltonian

8= yONsNp + y ON Ko + 3 ON3 + 3 ONE + 13 ONE, (42)

As can be straightforwardly checked, this Hamiltonian leads to a complete compensa-
tion of spm, even in the presence of losses.

Comparing the compensation scheme of figure 2 to the homodyne scheme, where
we counter spM by a suitable choice of reference beam phase (cf (19)), we see that for
typical values for rx*® and z¢ they perform comparably (figure 5). For decreasing ¢,
however, the quality of the homodyne scheme, unlike that of the compensation
scheme, is limited. Thus for small enough ¢ the compensation scheme will be better.
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Appendix

In this appendix, we shall explicitly work out the evolution of a simple operator, for a
lossy medium without spM. The full derivation of (25) proceeds completely analo-
gously. Next the compensated scheme of figure 2 is considered. Noise and gain are
worked out for this configuration, leading to the expressions for inaccuracy presented
in the text.
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A solution to the Schrédinger equation with Hamiltonian (1), without spm, is given
by

ap(t) = exp(—ity®Ns)dp . (A1)
Try therefore
as(t) = exp( f(t)Ns+g(1))dp (A2)

as a solution for (24) without spMm. Substituting (A2) into (24), we get

i} 0 .
(50045 Jemol A+ £0ae)

r
=(—ix®Ns exp(f(r)Ns+g(¢))dp

+ Lexp(f(t)Ns + g(£))(drds ~ 3[No, @]

+ Lexp(g(1){asexp( f(1)Ns)ds — 3{[Ns, exp( f(1)Ns)]-}dp)r
=((=ixWNs = 3¢+ LNslexp(—£(1)) — 1)exp( f(t)Ns + g(t))dp)x -

Hence

of . ag
5=~ + exp(—f(1) —1] 5= s =5(0)— 38 (A3)

It can be verified that the solution to (A3) is given by f(t) =Z (¢t + ), for some fixed
ty. As f(0) =g(0)=0, it follows that #,= 0. If we include spMm, and solve (24) for more
complicated operators, equation (25) follows analogously to the above.

In the compensation scheme of figure 2, we first solve (24) for K;, leading to a
result analogous to (25). This is then used as an initial condition for the K,/K,
equation. From this procedure we get (29). Now, using (31), ¢ =7/2 and y =4,

<Xmeas >P+L+R, ng

= —2Im(:(BA V2R GiBV2®s(ns

<dP’dL”>R|nS>S®I%iﬁ\/E>L®|%ﬂ\/§>P)

=|B[ Im(exp[—275 + Ref{exp(D(z; 7)) — 1}| B + F(7)ns)). (A4)
Thus
Glag=0=|BIm[F(7)]lexp{—27¢ + Re[exp(D(z; 7)) — 1]| B} (A5)
Furthermore,
(Xneasdpsrorons = (Np+ Nyt 2Np Ny~ 4887~ G3-0p+ LoR ng- (A6)

We apply the analogue of (29) for (4%4f. )z to (A6), to get
<ancas>P+L+R,ns=0 = |/3 |Zexp(—2cf) + %lﬂ |4exp(_4cf)

~ 31B1* Re(exp{ — 47¢ + Re[exp(Dy(r; 7)) — 11| A1)
where

Dy(ty; 1) =E50(15 1) Fy(1;) = E9(n).
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This gives
(7|ns=0 = (A’ X eas)p+L4R. ng=0
=|B[*exp(—2¢r)
+3|B|'exp(—47L)(1 — exp{Re[exp(Dy(r; 1)) - 1]IB1). (A7)

If we combine (A7) with (AS), we get §,. Using approximations (27) and (32) shows
us that for small 7y

Glug-o~ “LC(_C) |BP%® exp(~22t)
G'ns=0 = I:B Izexp(—2§r) (AS)
+3| B[ exp(—4t¢) L 2r§exp(—;2 —exp(72r0) X,

From these last two equations, equation (34) follows. We calculate (X,....Ns)s+ps1+r
in an analogous way, from which C(X ..., Ns) follows. This gives (41).

If we consider the derivation of (A8) once again, we see that the real part of
exp(Z) — 1 is important. As this is, in lowest order, proportional to 7°, it reduces by a
factor n=? if 7 is reduced by a factor 1/n. Hence, combining the effect of n triples, as in
figure 4,

Re[exp(E) — 1] = n(tyP/n)’ =n~2(1y®)°. (A9)

Similarly, the imaginary part of exp(Z) — 1 can be seen to be reduced by a factor 1/n.
But F remains the same. Hence the effect of the set-up of figure 4 is a reduction of the
second term in the square root factor of (34) by a factor n~2. Moreover, if we let
n— « , the analogue of (29) for the set-up of figure 4 can be seen to yield an evolution
compatible with (42): D and E disappear. For more general expressions, involving
other powers of dp and 4., the same can be seen to hold. Hence we get a system
effectively described by (42) and (24).

Note that in figures 3 and 5 the exact expressions are used, without using the
t¥® <1 or t{ <1 approximations.
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