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Abstract

We study a simple setup for non{estructive detection of photon number. We in parti-

cular compare the device's inaccuracy and its phase disturbance to the uncertainty
principle. As the traditional uncertainty principle involves neither inaccuracy nor dis-

turbance, a new type of uncertainty relation is employed. Self-phase modulation is

taken into account, losses are neglected.

Introduction

Quantum optics makes a number of fundamental quantum measurements feasible.
Heisenberg's lmicroscops( 1) is such an experiment. Heisenberg intended to show how
a position measurement in quantum mechanics must disturb momentum. The size of
the disturbance is inversely proportional to the inaccuracy of the position meter. A
non{estructive measurement of photon number via the optical Kerr--effect may be seen
as an analog of Heisenberg's 7-microscope. Such a Kerr-device would then be expected
to disturb phase, the variable conjugate to photon number.

The setup in its simplest form is sketched in fig. 1. A probe beam P, initially in a

coherent state I o)p, and a signal beam S (frequency c.rg) are passed through a medium
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fig. 1 Kerr QND rnelsureTnent of photon number. A signal beam S is rnieed with a

probe beam P into a non-Iinear medium. The outgoing probe beam is fed
into a homodgne detector. ['I is a delay, B's are bearnsplitters, M's are

mirrors, D's are detectors, and, L indicates th,e homodyne local oscillator

beam.l

with a third order non-linearity. During a time r : llc the two modes interact via a

Eamiltonian

4 : aXsp/Vs/Vp * XpplVp'+ XrrrVr' ;

with (fr, = t)

I
XsP :: 

#** 
x(3)(rup; &'P, - als, &rs) ; Ns :: auf a,

The operator ag is the annihilation operator for the S mode. lVp, op, fgg and Npp are

defined analogously. After the interaction the probe beam P is detected in a homodyne

detector. This may be seen( 2) as a measurement of

( 1 )



Q t: Lr,/i ap exp(-itp) * h.a.

The phase rp can be controlled via trhe delay V.

Photon Number

The setup of fig. 1 is intended to measure photon number "inaccuratelyrr ( 3) . But in

what sense? We first look at the device without self-phase modulation, i.e., we neglect

the 1pp and X55 terms in (1). Then, tracing over the P Hilbert space,

((rD : ^li lal cos(arxsplVs + p) (3)

More generally, the q outcome distribution can be written as

P(dq) = L f,{ad r^ ;

with /"(Aq) ) 0 and [ |tail: 1. Here

l (dq) : +-onf-[q 
- f l" lcos(r"xse' + 'p)]21 

;" , l2n o-- ' l  ,o, J 
'

P"=s(z l ro ln )s  ;  o2 : t

The function.f,(da) mav be thought of as a conditional probability distribution, giving

the probability of outcome g given the accurate value n. The q outcome distribution is
- the 1V5 distribution smeared by means of /"(dq) t lr . This is a consequence of the form

of the interaction Hamiltonian (t)' IIr is a function of the operator Ns, which is conser-
vsd( 5) . Thus ( ) is a relation between probability distributions, and not only between
etpectation ualues. The measurement is 'inaccurate' in the sense of (a).

If we assume that S contains relatively few photons, i.e.

 rygpn ( I ,

(2)

(4)

(5 )

(6)
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we can linearize (S), so that it becomes a convolution Gaussian. Then /is a function of

q-n alone: the measurement is couariant. Moreover, (4) can be inverted (deconvolu-

tion): the whole Ns distribution can be estimated using the Kerr-device outcomes.

Looking at (4), we see that the amount of inaccuracy of the device is characterized by

the z-width of the likelihood-type function {(dA) for fixed q. Equivalently, we can

characterize the amount of inaccuracy by the distinguishability of the distributions

/"(dA) ana fr*r(dO). Given the form (5) of the smearing function /, the width or dis-

tinguishability can be characterized by the noise-gain ratio:

6rv ' :  (Nq(f l)* lc ;

with

(7)

(a2Q(" ) )  :=  ( (Q( r ) -  (Q( " ) ) )2 )  =  *  ;

n._ la@(r \ \  |  -
I aiVs 

- 
| 

: 4'E rXsp la sin(p * arX5p1V5)l

In the low photon number regime the inaccuracy is therefore given by

" 1ort : 6"tp JdGnfr)T

(8)

(e)

( 10)

The delay phase rp is to be chosen such that accuracy is optimalt 0'zr. In this simplest

case the optimal choice is popt : r/2.

If we include self-phase modulation, (4) is still valid. The smearing function / does not

have the form (5) anymore, however. Nevertheless the approximate covariance of (5)

can be expected to remain intact for low non-linearities( 6). Thus the inaccuracy cha-

racterization via noise/gain ratio remains adequate. We get (rXpp ( 1)

(A(r)) = ,/, tlcl cos(+rXsplVs * p') ; (3')

( A 2 Q ( ' ) )  
"  ; +  l a l z ( t - 7 2 ) +

+ lal2 72172 cos(arXspNs * 2p' * rps) - cos(srXsptVs + 2g')) ' (8')
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- fig. 2 N-inaccuracy fieft y-ari,sl as. laser pouer for different choices of phase 9 [9
'is controllable by Y in fig. 11. Note that, euen for the optimal choice gorl

[dotted, right y-ari,s] for the phase, there is a lower bound to the accuracy

achieuable. fcotan(rpy"r) :  rxpplal2 (ref. 6); rxpp : rXSp = L0-L2l

? = exp(-2(lolrxpp)t) ;

g '  :  g - j rXpp- l la l2s in (z rXpp)  ;

p o  :  2 r X p p  - a l a l ' ( r X p p ) t

Assuming the low photon number regime, noise is minimal if g' = r/t [ref.6, fig. 26].

Gain is maximal, however, if tp' : r/2. Thus optimal accuracy requires a tradeoff bet-
ween noise and gain. But even for optimal phase rpool (determined numerically; fig.2,
dotted line), performance is limited. This deterioration of measurement quality is a
consequence of the effect of self-phase modulation on the P-state. Initially coherent, it

becomes extended in the phase direction (trcrescent squeezingtt 1 6l ). Minimal inaccu-
racy djv,op, * Uxpp)t/u(rxsil-L is achieved for probe strength lalopt * (ryrr)-s/s
(fig.2, fig.3). Low inaccuracies require high nonJinearities.

with

i../
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fig.3 N-'inaccuracy [righ,t yaxis] at optimal laser power lalz [left y-aris], for
g: rl2 and, g: gopt, as. non-l'inearity rypp: rxsp. Large coefticients

of non-linearity are necessary for low inaccuracies.

Phase

As stated in the introduction to the paper, we want to investigate the device's perfor-

mance compared to the uncertainty principle, analogously to Heisenberg's

lmicroscope. Thus we study phase in the Kerr-device. To describe phase we choose( E)

the rrstates'l

ldl ,: (zry* 
"E 

exn(idn)ln) (11)

They are not orthogonal, but do satisfy

t

I  l4>(d ldd= l  (12)
;

Eq. (12) implies that {]10>@ldl} is a positiae operator-ualued, measure(e) (POVM).

The phase states are eigenstates of the operator

1015

- -  e= I  l 0 r2'  ' op t
-  - g = n l 2  

0
10'

106

10 .
9v

10"  o -o'  ' o p t

n  tA=f i l2  - -

10"

10

1



e. . :  I  l z ) (n+11
z € N

(13)

(15)

( 17)

We prefer this phase representation (due to Ldvy-Leblond) over the more well-known

Carruthers & Nieto phase descriptiont 1ol , because of the clumsiness of the latter. Here

we have a nice Fourier relation (viz. (11)) between phase and photon number, as well as

a Weyl-type commutation relation

eo exp(iDlV) = exp(iblv) eo exp(iab) (aeZ, DeR) (14)

We look again first at the case without. self-phase modulation. If we would want to

know the signal's phase as it was before the interaction with the probe beam, we must

try to compensate for this interaction as much as possible. This compensation cannot be

- complete, however. We can measure on the S beam emerging from the Kerr device

{ | d+do) @+Qold{}. This POVM becomes (Heisenberg picture)

lQ+QolsU+QoldQ - I"uO' l6)s(Q'l p;,6,Q) ;
-11

with phase bias given by

0o = alal2rYsp-rus

t

V, i= -1 + | | rt\6,o) exp(i/)l-2
e  ' J  "  '

-11

Here, again , f U(d/.,O'1 : t and p(Al.,O) > 0 (cf.(a)). Thus measurement of

{ld+QolU+foldfi on the outgoing signal mode would be interpretable a$ a smeared
measurement of initial phase. An accurate measurement of initial phase has become
impossible. Phase is disturbed( 5) . The amount of disturbance is given by the lowest

inaccuracy with which initial phase can conceivably be determined. Here that is the
width of p in (15). In the low photon number regime,

tG/.,O') = %l$; ov{-tlorxsrlr)l dd (16)

d3 denotes the third of Jacobi's theta functions. Given (16)'s covariance, a suitable
measure for phase disturbance is( e)



Substituting (16) in (17), we get

v6 :  -1 * exp(zl  al2 [ t  -  cos(+rx5p)])

If we include self-phase modulation, (15) turns into

lQ+Qo';-zrxss)s(/+ Qo' ; -2rxssld|  -  I "u/ '  l0 ' ls@' l  p(d1,y ' )  ;
-t

with p as in (15), and

( 18)

(15 ' )

( i 1 ' )

0o '  :  Qo+rxss

l \ ; r l  p (zr)4 exp(i/n, + livn(n+L)) ln)

;

F

n€ [ l

Self-phase modulation distorts phase into a slightly different degree of freedom. But,

like the phase bias /6, this distortion can be compensated for in principle. By measuring

after the Kerr-device the POVM corresponding to (11'), we obtain information preci-

sely about phase (11). Thus phase disturbance, which cannot be compensated for, is

unaffected by self-phase modulation.

Uncertainty principle

Intuitively, it is clear that phase disturbance and lYmeasurement inaccuracy are com-
plementaryt 1) . But the traditional uncertainty principle (either in its Heisenberg or in
its Robertson form), has nothing to say about the subject. It bounds statistical scatter
in independent, accurate measuremsnfs( u). Inaccuracy is not involved. The measure-
ment transformation, essential for the 'disturbance' concept, is not at all taken into
account. As indicated above, the phase is disturbed in the sense that it has become
impossible to measure accurately the pre-measurement phase. The device consisting of
the non-destructive lVmeter followed by a measurement of initial phase, would be a
joint phase-number meter. Therefore an uncertainty relation limiting the accuracy

achievable in joint measurements of incompatible observables, also limits the phase-

disturbance in a non-destructive photon number measurement( 5). Such uncertainty
relations have become available only relatively recently, however( L2'Ls,t4t. For the
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- frg.4

vq
Possible combinations of N-inaccuracy and phase disturbance for th,e Ken-

deuice with self-phase modulation (the lines correspond, to rxpp : rXsp :

10-12, 10-11, 1g-to, lQ-s). The combinations forbidd,en by relation (19) are in

the shaded area,

phase-number case an 'inaccuracy i,nequality can be derived for covariant measure-

ments( 15) (cf. ref. 8). For the inaccuracy{isturbance complementarity we study here, it

vields the theoretical limit

6r ivo>+ ( 1e)

Since the measurement here can be considered approximately covariant [see (16)

and (5)], the bound (19) is suitable to compare the Kerr-device to. In the simple case

that we have no self-phase modulation, the inaccuracy and disturbance can be seen to

satisfy (rXsp ( 1)

df log(t + Vr) = L (20)

which is slightly above (19). If we include self-phase modulation the performance dete-

riorates, as was to be expected ftom (8'). This is indicated in fig. 4.
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