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It is widely held that Bohr has shown that the spin of a free electron is
not measurable. We point out that Bohr’s argument has some impor-
tant ifs and buts. A concrete configuration is calculated to produce
a clear spin separation. This is then shown not to contradict Bohr’s
reasoning.
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1. INTRODUCTION

One of the simplest textbook illustrations of the quantum mea-
surement has always been the Stern-Gerlach (SG) device [1,2]. It is
therefore perhaps not surprising that, as a byproduct of the recently
revived interest in quantum measurements, the SG has again become
subject of study [3-5]. In the present paper we shall focus on the
issue of the fundamental possibility of the SG for electrons. There is
a well-known argument by Bohr that is widely believed to entail that
it is impossible to perform such a measurement for free electrons (or
protons), because of the size of their magnetic moment with respect
to their mass and charge. After a short informal description of the
SG, we devote sec. 2 to Bohr’s essentially semi-classical argument. A
full quantum calculation for a concrete situation is presented in sec. 3,
where we find that the electron spin can be measured in principle. Fi-
nally, in sec. 4 we discuss the results, and find that there is in fact no
contradiction with Bohr’s objections.
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In the SG the spin of a particle is oriented by means of a strong
magnetic field. The direction of this field determines which spin com-
ponent is measured. An inhomogeneity in the field then causes a
spin-dependent force, which will eventually split the wave packet into
two packets according to spin value. If the initial direction of the
particles’ velocity is perpendicular to the magnetic field, the particles
are deflected. The deflection can be detected by letting the particles
impinge on a screen. If the initial velocity is parallel to the field, the
particles are accelerated or decelerated. This type of splitting will
involve e.g. differences in arrival time at some detector. The former
situation might be referred to as a transversal SG, the latter as a
longitudinal SG.

In both cases, the splitting can be used to prepare the particles in a
definite spin state. Since the SG process can alternately be viewed as
a transfer of spin information to the particle’s momentum, we can also
use the SG to measure a spin component by determining momentum.
Accordingly, we shall focus on the SG as a quantum measurement
device, in which the spin degrees of freedom play the role of object,
whereas the spatial variables represent apparatus observables. For
a measurement of spin in the z-direction, the essential term in the
Hamiltonian of the “interaction” between “object” and “apparatus”
is

H; = 326, , (1)
where  is proportional to the strength of the inhomogeneity, and
operators are careted. The Pauli spin matrices are denoted by &,
&, and &, (with eigenvalues s = +1). Clearly, a fully consistent
description requires other terms as well [2,5]. Still, the most important
effect in this context, the correlation between the read-out observable
p. and the measured observable &,, already appears if we apply (1)

alone:
P=(t) = p=(0) + Bt5. . (2)
In this simplistic SG description, a read-out of p, corresponds to a

definite value for &, as soon as the packet separation is larger than
the initial momentum spread.

2. BOHR’S ARGUMENT: CLASSICAL TREATMENT

For the above type of reasoning to work, it is essential that the
particles are (like silver atoms) neutral. But can it be extended to
charged particles, electrons in particular? Bohr studied this problem
in depth in the late twenties, and came to the conclusion that the ex-
tension to electrons is not possible. His reasoning was never formally
published, and only rather sketchy manuscripts exist [6,7]. We give
an account of Pauli’s version [8], which was presented at the 1930
Solvay conference (cf. also [9]).
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Pauli first considers the longitudinal SG. An electron moves in the
z-direction, through an inhomogeneous magnetic field. The field’s
direction lies in the zz-plane, its main component is pointed along
the z-axis. Hence the spin-dependent force that is interesting for the
measurement is the one in the z-direction:

0B,
Fspin,z = UB 92 . (3)
The time ¢, it takes to decelerate an electron to a standstill is given
by
0B,
mev, = ,UBWts ) (4‘)

after which it turns around. Because V- B = 0 (this condition is
crucial in Bohr’s reasoning),

0B, 0B,
el Pl (5)

If we assume the field to be parallel to the z-axis at z = 0, the field
strength at a distance Az from the z-axis is therefore given by

0B,
B, =- 5 Az . (6)
This field (through the Lorentz force) achieves a reversal of the ve-
locity v, within a period

Me

t. =
¢ eB,

: (7)

In order for the velocity reversal to be unambiguously attributable to
the particle’s spin, we must have t, < t.. Using (6), this implies

v, 1 h
= — Az < =
ip S ehp T MeUAr < g (8)

Inequality (8), although formally different from the uncertainty rela-
tion AzAp, > £, still limits the device’s operation, Pauli argues. If
the beam is made so narrow as to allow for (8), diffraction will come
into play, blurring the beam. This means that the wave properties of
the electron have to be considered, and that one is outside the realm
of classical mechanics.

Next Pauli turns to the transversal SG. The electrons move in
the y-direction. Again the spin-dependent force is given by (3). The
Lorentz-force in the z-direction is

R,=-e,B,. (9)
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Consequently, the magnitude of the variation of this force over the
width Az of the beam is

0B,

AF,, = ev, £

Az = ev,

0B,

again using (5). If the separation is not to be blurred by the variation
of the Lorentz-force, clearly we must have

h
AFL,Z < Fspin,z = ’UyA.’L' < /J‘B/e = om s (11)

e

leading to the same conclusion as before. Finally, Pauli discusses some
more complicated setups, with yet again the same results.

Prior to arriving at the above reasoning, Bohr believed that the
free electron spin could not be detected at all, because it has no
classical analog. Like in his other thought experiments, he attempted
to base this on an uncertainty relation, in this case ALA# > h. Since
Af < 27, AL must be larger than #, prohibiting any effect from a
spin of magnitude % to be seen. But such an uncertainty relation does

not hold. Later scattering experiments by Mott {10] indeed showed
the polarizability of electrons, and Bohr was forced to qualify his
reasoning [6,11]. The inequality (8) he ends up with in the argument
presented here, involving the product p,Az, does not contradict any
uncertainty relation (as Pauli acknowledges). In fact no uncertainty
relation at all is used in the argument, and in this sense it differs from
most other Bohr Gedanken experiments.

Summarizing, Bohr’s and Pauli’s conclusion is not an absolute in-
terdiction. They hold that the SG cannot work using the classical
path concept. If the electron is bound, e.g. to an atom, its spin may
be detected as a part of the orbital angular momentum. But then
the use of the stationary state concept precludes any visualization in
terms of an electron trajectory [8,12].

3. QUANTUM TREATMENT: LANDAU STATES

This caveat directs us to a possible way out of Bohr’s conclusion:
a _quantum mechanical treatment of the SG might give a significant
effect after all. Therefore we look again at our setup. We have a strong
magnetic field in the z-direction. What Pauli and Bohr ignore is that
in such a field the electron’s motion in the zy-plane is quantized into
Landau orbits [13]. This opens up the possibility of measuring spin
by using a coupling of spin to orbital momentum in these Landau
states.

First consider the homogeneous field case. We take a cylindrically

symmetric gauge in which the vector potential is A = By(%y, —%z,0),
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so that the magnetic field is given by B = By(0,0,a). The electron
Hamiltonian for zy-motion under these circumstances is

. eaBy . z . eaBy . 2

Choosing natural units (2m. = = e = By = 1; pup = 3efi/m, = 1),
and taking g = 2, eq. (12) can be rewritten as

A, =

g N
= — ZaB .. (12
2 20 opBd: . (12)

po_a @, g d 2
Ho=p2 + Z—zz + pz + Zyz —a(L,+6,). (13)
For the moment, we drop the spin part and take a = 2. Changing
to polar coordinates (r, ) in position representation, and solving the
angular part, gives for the radial part ¢(r) the eigenvalue equation

where m is the eigenvalue of angular momentum L,. This equation
can be solved in terms of Laguerre polynomials [14], to get

2
Gem () = Ckm exp(—%)Mmngm!)(rz) ;
k! .
Chm = ((k + ‘m‘)!) ; k= mj,Im|+2,|m| +4,...; (15)

Eim =2+ 2(k —m) = 2,6,10, ... .

Including the contribution of spin and the magnetic field depen-
dence, the total energy is therefore Eyms = (k —m + 1 — s)a (where
s = £1). We may expect that a small inhomogeneity in the magnetic
field will lead to an adiabatic drift in the Landau levels, proportional
to E, during which only a negligible amount of transitions between
levels take place. If, therefore, the initial spatial part of the state is
such that up and down spin do not contribute to the same E-value,
the final spatial part can be used to determine initial spin.

In view of its higher degree of symmetry, we shall focus on a
longitudinal setup. The electrons initially move in the z-direction,
along the major magnetic field direction, and the inhomogeneity is
also z-oriented: a = 2 — bz, b < 1. This results in a magnetic field
B= (%bw, %by, 2—bz). Note that indeed V-B = 0, and that cylindrical
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symmetry is maintained. The full Hamiltonian now includes some
extra terms:

H = Ho+p2+ M

Hi = bZ(Lz+Uz_7‘)_§r0”+Zrz
- _1’2_21&0+-12’-[2(ﬁ2—ﬁ)—f&ﬂrgﬁéz]; (16)
o6, = &zcos¢+&ysin¢;ﬁ2=ﬁi+f’§-

In (16) spin and orbital momentum are coupled; only J, = Lﬁ—%&z
is conserved. The terms responsible for transitions are those between
square brackets, the first term in (16) causing the desired force in the
z-direction.

In a quantum measurement context, it is natural to require that
“object” and “apparatus” are initially uncorrelated. Here that corre-
sponds to demanding that the initial state pspace+spin D€ @ product of
spin and spatial parts:

Pspace+spin — ’¢>space<¢| ® Pspin - (17)

where |@)space is the fixed initial spatial state. After a time ¢ of com-
bined evolution of spin and spatial degrees of freedom, the two be-
come entangled. The probability of then reading out result p, can be

written in terms of an operator-function M(pz) on the spin Hilbert
space:

prObﬁspin (p.) =Tr [/’space+5pin(t) |P2)space (P2] = Tr[ﬁspin M(I’Z)] , (18)

which can be derived from the initial spatial state and the unitary
combined evolution U(t) of spatial and spin degrees of freedom:

N

M) = spucel 910 () (1P space(Pe] © Tupin) U(2)|6)space 5 (19)
Ut) = exp(—iHt).

In the simplistic description (2), the spin-up and spin-down wave
packets eventually occupy different p,-areas. Then to each p, there

corresponds one &, value. In other words, for each p, M (p.) is pro-

portional to a &, projector. More generally, although M (p;) will still
be positive and normalized, we cannot expect it to be proportional to
a projector. An object {M(p,)dp,} with these properties is called a
positive operator-valued measure (POVM) [15], generalizing the no-
tion of projection-valued measures.
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We read out the p, values in order to find out something about &,.
As we observed earlier, we must therefore choose the initial “appara-
tus” state (i.e. the spatial part) such that only one s value contributes
to each E value. In terms of the POVM, this means we want to re-
late M (p,) to &,. Consider first the Hamiltonian (16). It is symmetric
under rotations around the z-axis, in particular over an angle =:

S Iy N

SHS'=H ; §=1,®5., (20)

jxy denoting a rotation of the spatial part over 7 around the z-axis.
We now require that the initial spatial state |@)space be an eigenstate
of Iy

Izy ® 1spinpspace+spin = pspace+spin-l:cy & 1spin = ipspace+spin . (21)

This brings about the desired relationship between the POVM and
d.: as a consequence of (20) and (1%}, {M(p,)dp,} will be at all

times compatible with &, on the spin Hilbert space. Therefore it can

be written R )
M(pz) = Z fs(p2)Ps . (22)

s=x1

The f, are positive functions and P, denote the projectors onto the &,
eigenstates. A spin value s will lead to outcome p, with probability
fs(p.); a measurement outcome p, corresponds to spin value s with
likelihood f,(p.). In general the functions f, overlap to some extent.
Then there clearly is a finite probability of deducing the wrong spin
value from the p, read-out: the measurement is non-ideal {16]. A
convenient measure for the the measurement quality is the indistin-
guishability u of fi;, derived from (22) via

w= [ Yo fa(p:) .. (23)

e}

Ideally, when the separation according to spin is perfect, the f’s do
not overlap, and u = 0. But initially there is no separation so that
then u = 1. As time proceeds, the spin-up and spin-down packets
will separate, the measurement gets better and u will decrease to a
certain limit. The limit value depends on the strength of the field,
compared to the size of the inhomogeneity [5]. The reason for this is
that the direction of the spin precession axis varies as a function of r
due to the field inhomogeneity. The stronger the field is, the smaller
these variations are, and the lower the achievable measurement error
is.

In the transversal configuration, the symmetry (20) only holds if
an electric field in the z-direction would compensate the Lorentz-force
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Figure 1: Result of a typical calculation. We plotted %prob(pz,r).
(Data: bt = 0.1; b = 0.0003. The initial z-state was Gaussian, cen-
tered around p, = 5 with standard deviation 8§, = 15; the initial
ry-state a k = m = 0 Landau state; the initial spin-state a o, = 1
eigenstate.)

due to p, [5]. But if p, is not sharp, this method works approximately
at best. In the longitudinal setup, (22) holds exactly irrespective of
Pz, or of the value of b. Moreover, the longitudinal setup’s cylindrical
symmetry considerably simplifies the device’s analysis [17].

As an illustration of this general argument we integrated the Schré-
dinger equation numerically on the basis of (16) and (15). For the
spatial part [@)pace Of the initial state we took a cylindrical symmetric
Gaussian: the k = m = 0 Landau ground state. In Fig. 1 we plotted

1
;prOb(pz, T) =Tr [pspace+spin(t) |pla T>SPaCe<pl5 T'” (24)

of a typical calculated state. (This spatial distribution is cylindrically
symmetric, so we omitted its p-dependence.) Note that because the
drift is proportional to E rather than s, the acceleration of the packets
is not symmetrical. The spin-up packet, with £ = 0, is not accelerated
and has roughly retained its shape; the spin-down packet, with F =
2a, has become ring-shaped. Nevertheless, the packets are very well
separated with regard to p,.
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Figure 2: The measurement’s p,-indistinguishability u as a function of
time. The results of the numerical calculation are indicated by circles.
Initial data as in Fig. 1. The u-curve for two linearly separating
Gaussian packets, u(t) = exp(—(2bté,)?), is included (dashed line).

In Fig. 2 we plotted the indistinguishability u as a function of time.
Indeed u, and therefore the measurement error, becomes quite small.
In fact, despite the change of shape the packets have undergone, the
indistinguishability is seen to agree with that of the simplest model
for the SG, two Gaussian packets splitting according to (2), which is
also plotted in Fig. 2.

4. CONCLUSIONS

The good measurement quality and clear packet separation we
achieved may appear to contradict Bohr's conclusion. But this is in
fact not so. We must have clearly defined Landau levels, and the
condition b < 1 implies that the time necessary for clear separation
is much larger than the orbit time. Bohr’s point in section 2 that
the use of stationary states precludes the use of a classical trajectory
(although he undoubtedly had atoms in mind) is valid here, too. In
the presence of a non-negligible magnetic field, the electrons are not
really free so that a classical trajectory is in general not a usable
concept.

From the point of view of feasibility, the constraints (117) and (21)
on the initial state are probably difficult to fulfill, especially in view of

1

the small length scales involved (of the order h%(eBo) 7). But nev-
ertheless we can conclude that there is no fundamental reason why
electron spin measurement by means of a SG should in quantum the-
ory be impossible in principle.
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