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Abstract

The problem of distinguishability of identical particles is considered from both experi-
mental and theoretical points ofview. It is argued that distinguishability has to be defined
relative to a definite set of experiments and that the criterion by which the particies are
distinguished should be specified. Faiiure to do so may cause mismatching between theory
and experiment. On the theoretical level a distinction is made between indexed- and
unindexed-particle theories, indices being unobserved intrinsic properties of the particles.
A fieid theory of indexed particies is constructed and shown to be equivalent to the
second quantization formalism, which is an unindexed-particle theory.

l. Introduction

It was observed by Mirman (1973) that the concepts of "identical particles"
and "distinguishabil ity" or "indistinguishabil ity" have been poorly formulated
in quantum theory. In nrost textbooks these notions are treated in a rather
vague and intuit ive way, without a firm relation to experiment. More or less
the same remarks apply to the relation between (in)distinguishability and the
symmetry of the wave function of a many-particie system ("statistics").

Let us start with the notion of "identical particles." Most definit ions are
rather tautological, l ike the one given by Messiah (1965): Two particles are
identicai if their physical properties are exactly the same. Strictly speaking,
this definit ion would infer that two particles never can be identical, unless
position is considered no longer as a physical property. The distinction made by
Jauch(1966) between intrinsic properties (i.e., properties that are independent
of the state ol the system) and extrinsic properties (depending on the state of
the system) seems to be more promising in this respect. Jauch defines two
(elementary) particles to be identical if they agree in ail their intrinsic properties.
Position, as a dynamical variable, is an extrinsic property. So Messiah's problem
does not  ar ise any more.
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The distinction between intrinsic and extrinsic properties also introduces the

possibility of revealing the dependence of the identity of particles on the ex-

perimental and theoretical context. Thus, by enlarging the class of experiments

considered, there are two causes by which the identity of two particies may
change: Either a new intrinsic property may be discovered, showing the dif-
ference of  two par t ic les that  were thought  to be ident ica l :  or  an (up unt i l  now)
intrinsic property may show up dynamical behavior, thus making two different
particles identical (when the other intrinsic properties are the same). We shall
have reason to change Jauch's definition slightly in such a way that this depen'
dence of the identity of particles on the class of experiments considered is
more explicit. As this has to do with (in)distinguishability of the particles, we
consider this next.

As to (in)distinguishability, several different opinions can be lound in the
literature, e.g., (a) in classical as well as in quantum mechanics identical particles
are indistinguishable (Messiah, 1965), (b) identical particles are distinguishable
classically but indistinguishable quantum mechanically (Jauch, 1966), (c) same
as (b) when the wave packets ofthe particies are overlapping; but identicai
particles are distinguishable also quantum mechanically when they are far
apart or when there is some constant of the motion by which the particles can
be distinguished (Schiff, 1955), (d) classically as well as quantum mechanically
identical particles are distinguishable whenever the histories of the particles
experimentally allow a distinguishing criterion (Mirman, 1973).

Whereas Messiah (a) seems to use the concepts of identity and indistinguish'
abil ity of particles in a tautological manner, the others go beyond this by
trying to find a way to label or name the identical particles, thus trying to give
each particle a kind of individuality that is maintained throughout time. Cases
(b), (c), and (d) have in common that the labeling is thought to be performed
by a dynamical variable or extrinsic property, the intrinsic properties of
identical particles being the same. In classical mechanics generally the position
variable will do, although Mirman notices some reservations also here, stemrning
from experimental inability to follow the continuous paths of particles when they
are very close together. In quantum mechanics the absence ofparticle trajectories
makes the position variable inappropriate for distinguishing purposes whenever
the wave functions of the two particles are overlapping. This leads Jauch to the
rigorous conclusion of indistinguishability, whereas Schiff points out some
exceptions to this rule. According to the latter, two identical particles are
distinguishable when the two-particle probabil ity amplitude a(\ ,2) of some
dynamical variable is different from zero only when the two particles have
their values in disioint ranges of the spectrum of the variable. Note, however,
that this can never occur when the wave function is (anti)symmetric, for then
a(2,  1)  = !o(1,2) .

In order to analyze the experimental meaning of the concepts of identical
particles and distinguishability Mirman (1973) considers two electrons in dif-
ferent galaxies. A more common paradigm could be provided by the situation
of two identical particles crossing a bubble chamber at the same moment with-
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out colliding. When the particle energies are high enough we see two completely
separated and distinguishable tracks. With Mirman these data seem to be suf-
ficient to speak oftwo distinguishable particles: The particles are distinguished
by their tracks. However, when the wave function is (anti)symmetric, this is
clearly in conflict with Schiff s view, because in that case we cannot tell which
of the two particles is in which of the two tracks. According to Schiff we could
only speak of distinguishable particles when there is a one-to-one correspon-
dence between each of the tracks and one of the indices I and2 of the two
particles. It is clear from this that studying the experimental meaning of dis-
tinguishability amounts to studying the experimental meaning of the indices 1
and 2 of the two particles. This can be done for classical and quantum mechanics
simultaneously, because in the elementary forms of both theories these indices
obtain.

Since an index is thought to be independent of the state of the particle, it
isto be considered as an intrinsic property. As a consequence of this, according
to Jauch's definition particles that have different indices are not identical. By
ttris reasoning the problem of distinguishability is defined away, because non-
identical particles being distinguishable, this leads to the conclusion that the
particles described by elementary classical and quantum mechanics are dis-
tinguishable. However, this statement follows from purely theoretical con-
siderations. So it tells more about the form of the theoriesthan about the
experimental meaning of the indices. The only conclusion we can draw is that
the languages of elementary classical and quantum mechanics are those of
distinguishable particles. Such languages are bound to be not very adequate to
describe particles that are indistinguishable experimentally, which may be the
reason for the different views on distinguishability found in literature. These
languages would only be adequate when detectors were existing that are
sensible to the indices. When this is not the case it is preferable to use languages
that are independent of the indices, i.e. in which dynamical variables without
experimental meaning l ike r;, the position vector of particle 7, do not show up.
Such languages do exist for quantum as well as classical mechanics: quantum
field theory (second quantization) and the classical limit of the field theoretic
approach to statistical mechanics. Quantities that do have experimental meanings
for particles without indices are, for instance, the probability p(r)dro of
finding a particle in the volume element dro near the space point ro, or cor-
relation functions l ike p(ro, 16) correlating the probabil it ies of f inding particles
in space points ro and 16. It is essential that the indices a and b do not refer to
particles here, but to detectors at space points ro and 16. In this language the
only relevant question is whether a detector has counted a particle or not,
particle indices playing no role. Distinguishability now reduces to Mirman's
purely experimental notion (Mirman, 1973), expressed by, e.g., the mutual
distance of the two detector positions ro and 16 and the conduct ol p(ro, 16)
as a function of these parameters. This point of view seems to be consistent
with the method Lyuboshitz & Podgoretskii (1969, 1971) use to treat the
interference of nonidentical particles.
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2. Experimental Relevance ol Indices

Apart from particle creation and annihilation, elementary quantum mechanics
and second quantization are equivalent theories (Heisenberg, 1930). Also the
classical theories of particles with and without indices are equivalent when only
results are considered that are independent of the particle indices.

As we saw, indices are to be considered as intrinsic properties. Then, using
Jauch's deflnit ion of identical particles, particles that are identical in the un-
indexed version of the theory are different in the indexed one. This is undesir-
able because the theories describe the same set of experiments of the same set
of particles. To overcome this diff iculty we change the definit ion of identical
particles slightly, making use of the observation that apparently the index does
not have influence on the dynamical behavior ofthe particles. So particies are
identical in both theories when we change the definit ion in the following sense:1

Two particles are identical if they agree in all their dynamically relevant
intrinsic properties.

This definit ion stresses the reievance of the set of experiments considered,
because intrinsic properties that are dynamically irrelevant with respect to
some set of experiments may become dynamically relevant on extending this
set. For instance, consider the set of all coll ision experiments performed with
two bil l iard balls that differ onli, in color. Then color is a dynarnicall-v" irrelevant
intrinsic property and as such may serve as an index. The two balls are identical
with respect to the set of coll ision experiments. However, when we extend the
set of experiments to include also absorption and reflection of l ight, the two
balls are no longer identical, for they wil l show up different dynamical bel.ravior
in absorbing and reflecting l ight.

Besides showing the dependence of the notion of "identical particles" on the
experimental setting. the example reveals another aspect pertaining to the
experimental meaning of distinguishing identical particles by indices: When
particles are identical with respect to some set of experirxents they can onl, '- be
distinguished by an index when it is possible to extend the set of expcriments
in such a way that the index becomes dynarnically relevant with respect tr.r
some new property. When such extension is impossible or unknorvn the index
does not have any experimental relevance in distinguishing the particles. ln
this case only Mirman's criterion remains. This seems to be the situation rn
elementary particle physics. However, this is not a reason to deny all physical
relevance to the indices ofthe particle variables obtaining in elenrentarv quanturn
rnechanics. As we saw, distinguishabil ity by means of indices is based on in-
cornpleteness of the description of the dynamical behavior of the particles.
Then, the mere possibil i ty of an indexed-particle language is an indication that
there rnight be some new field of research connected with these indices.

I It rvill turn out to be essential that the definition also concerns particles that are not
elementary.
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Some evidence in this direction could be provided by the problem of a
dynamical description of the process of (anti)symmetrization of the wave
function when two identical particles approach each other from great mutual
distance (Mirman, 1973). As Mirman stipulates, when two identical particles
are created simultaneously at great distance from each other, immediate
(anti)symmetry of the two-particle wave function wouid violate causality.
This shows the necessity for studying this (anti)symmetrization process, which
cannot be done using existing quantum field theories, because these are con-
structed as causal theories that do correspond to imnrediate (anti)symmetry
of the wave function.

There exists at least one physical situation in which different symmetries of
the wave functions ofinit ial and final states are necessary to describe experi-
mental evidence. It is not surprising that this situation, viz., that i l lustrating
the famous Gibbs paradox, has been connected with the probiem of distinguish-
abil ity of identical particles for quite a long time (e.g., Schrodinger, 1957).
One considers an ideal gas of /y' identical particies in voiume V, initially divided
by an impermeable diaphragm in two parts,4 and.B having the same tempera-
ture and pressure. When the diaphragm is removed, entropy, being an extensive
property, should behave in such a way that the entropy of the combined final
state should equal the sum of the entropies of parts A and B in the initial state.
From the quantum mechanical definit ion of entropy

S = - k T r p l n p (2 . r )

resulting in the Sackur-Tetrode expression (Schrodinger , 1951) for systems in
thermal equil ibriurn, it can be seen that this is satisfied when the density opera-
tor of the init ial state obeys

P  =  P t P s (2.2)

whereas the final state should be totally (anti)symmetrized. The density
operators pa and p6 are thought to describe the subsystems,4 and.B and
correspond to (anti)symmetrized states of these subsystems separately.

When the particles ol A are different from those of ,B a diffusion process is
started by the removal of the diaphragm, resulting in a homogenous mixture
of the two gases. When the particles in A and B are identicai this diffusion
process is often considered to be unnoticeable or even unreal (Schrodinger,
1957). This paradoxical situation might be resolved when the particles are
indexed particles. Then the diffusion process is as real as in the case of dif-
ferent particles. Moreover. when the (anti)symmetrization process is considered
as a description of this diffusion process, it is not even unnoticeable since it
clearly substantially influences the state of the total system.

The relation to distinguishabil ity by means of indices comes into play through
equation (2.2). Here A and B are indices, not of particles, but of assemblies of
particles (they correspond to particles whenl and.B contain one particle each).
The possibil i ty of introducing density operators of well-defined subsystems,4
and.B in the theoretical language is clcarly related to the fact that the particles
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of subsystem,4 are distinguishable experimentally from those of subsystem ^B
as long as the impermeable diaphragm is present. So,4 and B are distinguishing
indices, corresponding to the regions to which the subsystems,4 and -B are con-
fined experimentally in the initial state.

In the indexed language
^  - T -  ^  ^  - T -  ^
P A -  r r B P ,  y B -  L L A P (2.3)

where Trl , T16 means partial tracing over the particles contained in A, B. The
question of distinguishability of the two subsystems by the indices A and B
after removal of the diaphragm is connected with the feasibility of expressions
(2.3)in this latter situation. It is often stated that there exists a causal relation-
ship between indistinguishability and (anti)symmetry of the wave function. If
this were true, the indices A and B would loose their meaning in the process of
(anti)symmetrization. However, we will see in the next section that the causal
relationship mentioned above does not exist. This will remove (anti)symmetry
of the wave function as an a priori obstacle to distinguishability of the two
subsystems by means of the indices A and B, also in the final state.

The experimental distinguishability of systems,4 and,B by the indices,4
andB in the init iai state is based on the one-to-one correspondence of some
intrinsic property of the systems with positions of the particles. This corre-
spondence is lost in the final state. Because in the diffusion process experimental
distinguishabil ity in the sense of Mirman by, e.g., the positions of the particles
breaks down, only the yet unknown property is left to distinguish A and B. lt
is possible to ignore this property and to leave it completely outside the theo-
retical language. However, in acting this way we may neglect some phenomena
that seem to be not devoid of phvsical relevance.

3. Indistinguishability and "Statistics"

As we saw in Sec. 1 the ianguage of the elementary wave mechanics of wave
functions2 9(*r,xz,. . .,xr) is a language of distinguishable particles. Although
it is not impossible to stick to this description when the indices are thought to
be physically irrelevant, some extra care is needed. One instance where this
becomes apparent is provided by the attempt to derive (anti)symmetry of the
wave function ("statistics") from indistinguishability, made in some textbooks
(e.g., l-andau & Lifshitz, 1965; Blokhintsev, 1964). The reasoning is as follows:

Consider  the expectat ion value3 of ,  e .g.a the observablef (x t , .  .  . ,x , , ) ,

V @ t , .  .  . , x n ) ) =  
) O * r  

.  . .  
l d x " , f ( x y , . .  

. , x n ) l r l , @ r , .  .  . , x , ) 1 "  ( 3  1 )

Becasue of indistinguishabil ity ol the particles the following equality is
postu lateda:

(f(x r, . . ., xn)) = (f(P(x r, . . ., x,))> (3 .2 )
'^ *i = Xi, rry). 17 being the spin variable of particle 7.

] IdxT stands for integration over the space variable and summation over the spin variable

" The same should be done with functions of momentum or anv other one-oarlicle
observable.
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P(xr , .  .  . ,xn)  being an arb i t rary permutat ion of  (x1,  .  .  . ,xr ) .  When (3.2)
should hold for any functionl, the equality inevitably leads to

I  / (P(xr ,  .  .  . ,  x) )12 = l r l t (x  t ,  .  .  . ,  xn)12 (3.3 )

which implies symmetry or antisymmetry of the wave function.
But as the particles are presupposed to be indistinguishable (at least by way

of indices) not every observable f(x r, . . ., xr) has physical significance. Only
those observables that have a counterpart in the unindexed theory should be
considered in (3.2). This being precisely the class of totally symmetric functions
for which

(3.4)

equation (3.2) is fulfilled trivially for any wave function. So indistinguishability
by indices does not lead to any requirement on the form of the wave function.

On the other hand, when the particles are thought to be distinguishable by
their indices, we have no reason to expect equality of, e.g., the expectation values
(r1 ) and (12) of the position variables of two identical particles I and 2 for all
possible states of the system. As we saw in Sec. 2 it is possible then to prepare
states in which the particles 1 and,2 are in disjoint regions of space. lt follows
that in this case the requirement (3.2) is not legitimate. So, also from this point
of view (anti)symmetrization of the wave function is not invoked.

A derivation oi (3.a) is given by Schweber (1961), starting again from (3.2),
which is required by indistinguishability of the particles. It is interesting to
note that (3.4) only follows irom (3.2) when this last equality should hold for
c// functions ,!(x r, . . ., xr). When only symmetric or antisymmetric wave
functions would play a role in the physics ol identical particles, it would be suf-
ficient to consider (3.2) for states corresponding to this class of functions only.
But under this circumstance (3.2) is satisfied for any observable/(x t,. . .,xn).
So, in order to arrive at (3.4) as a necessary condition the observables of a
system of identical particles should obey, it is essential that non- (anti)symmetric
wave functions have experimental pertinence. But this implies that the whole
reasoning breaks down because, as we saw in Sec. 2, in this case the indices may
have an experimentally reievant distinguishing function.

We arrive at the conclusion that a fundamental relationship between
"statistics" and indistinguishability by means of indices of identical particles
is not evident

Note that this conclusion is not at variance with the example given in
Sec. 2, where departure from "statistics" involved a kind of distinguish-
ability. As a matter of fact, this distinguishability (the Schiif version) was
arrived at through position measurement, not through direct observation of
some physical property corresponding to the index. The one-to-one corre-
spondence between position and index obtaining here is a very special circum-
stance, not liable to be a general issue: Deviation from "statistics" is not bound
to imply this distinguishability by indices. The intermediate states in the dif-
fusion process described in Section 2 might furnish illustrations to support this
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view. provided the state function (or density operator) ol the system evolves
in a continuous fashion from init ial to final state also in this case.

"statistics" not being related to (in)distinguishabil ity, it should be possible
to describe this process using either an indexed- or an unindexed-particle
language. However, viewed as a diffusion process, an indexed-particle language
may describe it in a conceptually simpler manner than an unindexed-particle
language. This is the case because now (anti)symmetry of the wave function
of, e.g., two identical particles can be interpreted in a simple way by stating
that, after the diffusion process has reached its state of equil ibriurn, the equality

l i t ( x o . x o 1 1 2  =  l Q ( x 6 .  x o l l 2

expresses the equality of the probabil ity of f inding particles 1 and 2 with co-
ordinates xo andx6, respectively, and the probabil ity of f inding the particles
with their positions and spins exchanged.

By the diffusion process an init ial state of two uncorrelated systems [e.g..
with density operator (2.2)] is turned over into a final (equil ibrium) state in
which the systems are correlated. It is preferable to describe this correlation in
the unindexed language, i.e., by means of the commutation relations of the
field operators of quantum field theory, because it is not a correlation of the
indices (which seem to be distributed as randomly as possible in the equil ibriunr
state), but ol the probabil it ies of f inding particles in different points of space
(cf. Sec. I ). However, the theories being equivalent, the correlation should also
be expressible in the indexed language.

A fundamental relationship between "statistics" and indistinguishabil ity by
means of indices not being evident, we have to consider the tendencl, of an
assembiy of identical particles to develop its state into a state showing a specific
kind of correlation (either Bose-Einstein or Fermi-Dirac "statistlcs"). as an
independent and fundamental property of the particles. Approaching "statistics"
in this way offers a big advantage in understanding in statistical mechanics the
factor i/ l  by which the a priori probabil it ies should be divided in order to get
the (correct) Boltzmann weights (e.g., $4.2 of ter Haar, 1961). It is often
stated that this correction is really a quantum mechanical effect because only
here would indistinguishabil ity of identical particles have an experimental
meaning (however, see Rushbrooke, 1949). In quantum mechanics the f.actor
ly'! turns out to be a consequence of the restriction to (anti)symmetric states.
i.e. to correlated slates. But correlation is not a typically quantum nrechanical
notion. We have no reason to suppose that this property gets lost in the clas-
sical 1imit. So we have the possibil i ty of attaining the factor Iy'1 also classicall l,.
when we postulate also for classical mechanics that identical particles are
necessarily conelated particles (at least at equilibrium). In fact this is equrva-
lent to the replacement already performed by Gibbs, of "specific phases" b-v
"generic phases." (Gibbs. 1902). No allowance has to be made for indistinguish-
abil ity of states under exchange of particles in phase space when this "statistics"
correiation is considered also in classical mechanics as a fundamental property
ol systems of identical particles. Apart from procuring the factor,ly'! in classical
mechanics, "statistics" correlation ofthe particles does not seem to have con-
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sequences. This is illustrated by the vanishing in the classical limit of all inter-
ference terms brought forth by (anti)symmetry of the wave functions, making
expection values coincide with those obtained from unsymmetrized.wave
functions. So it is possible to continue using the conventional classical mechanics
of uncorrelated particles, as the "statistics" correlation manifests itself only on
the quantum level.

4. A Field Theory of Indexed Particles

Elementary quantum mechanics is not unconditionally the indexed-particle
version ofquantum field theory, since particle creation and annihilation is not
described by the first theory. In this section we will present a field theory ol
indexed particles, i.e., a theory by which it is possible to describe creation and
annihiiation of indexed particles. In order to perform this extension of quantum
field theory, we start from the very clear formulation of this theory given by
Robertson (1973). In the unindexed-particle theory a system ofi/ bosons or
fermions is represented by a state vector in Fock space lV17)which is related
to the (anti)symmetric wave function Vr("r, . . ., x,rr) through the formula

I v ,n , )=  (w ) - t I 2  
Jax  r ' ' Jdx rv " t x , .  .  .  . , x , , y )0+ (x r , ' ) ' ' '  0 f ( x r ) l o )

(4.1)

Uere r/r(x)[r/(x)] is the usual creation (annihilation) operator of an unindexed
particle at x, obeying the comrnutation relations for bosons c.q. fermions

[0(x), 0(x')]+ = 0

lU("), gt(x') l  + = 6(x - x')

lo)  is  the vacuum state,  def ined by

p(x)  lo )  =  0

$.2a)

(4.2b)

(4.3)

It is shown by Robertson {1913) that the wave function Vr(xr, . . ., x1,.) is
obtained from the Fock state (4.1) through

vr(x,, . . ., x,rr) = 11t. '.)-rlz <o\l)(x l). . . /(xr,,)l vru> @.4)

We point out here that (4.1) is not a unique expression for the state vector
lV,r,,). We may replace the function V"(xt, . . ., x,nl) in the integrand of (4.1)
by an arbitrary function V(x, , . . ., x1,,) obeying

V"(xr, . . .,x.nr) = (1///l) ; /v1r1x,, . . .,xry)) (4.s)

the summation being performed over all permutations of (x1, . . ., xry); for
bosons eP = *1, for fermions eP = +1 or -1 when the permutation Pis even or
odd. The result (4.4) is independent of the specific form of lV,rr ) as long as
V(xr, . . ., x.nr) obeys (4.5).

It is not possible to construct a complete description of indexed particles
using just a single field operator r/(x). When all particles have different indices,
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a different field operator p;(x) has to be associated with ear;h particle. We will
cali this operator an indexed field operator. The vacuum state, which is as
usual defined by

r f  ; (x) lo)  = 0,  Ver  9$)

is the direct product ofthe vacuum states lor) ofall particles contained in the
system under study (index set 1).

We will restrict our attention here to systems in which the particles are all
characterized by different indices, although this may turn out to be too
restrictive, as is shown by the example of Sec. 2, where all particles of sub-
system A or B may be thought to have the same index. However, field operators
,l, t@)19 a@)l describing the fields of the A(B) particles are related to the
one-particle field operator p(x) in the same way as the unindexed field oper-
ators of boson and fermion fields. Since in Sec.6 we shall f ind the relation
between indexed and unindexed field operators, we do not need to study
many-particle field operators like rf7 (x), which moreover seem to be less
fundamental from the point of view of distinguishability.

We define the state vector corresponding to a system of Iy' differently indexed
particles with wave function V"(x t , . . ., xry) by analogy of (4. 1) as

1vr , . . . , ry )= lo* ,
(4.7)

We also require that the wave function is found from lV1, . . .,1,, ) through

Vr(x r, . . ., x,rr) = b l t! tft r ) . . . {,nr(x,nr) lVr, . . .,ry ) (4 8)

In (4.1) the "statistics" correlation of the particles is incorporated in the
state vector in two ways: by the commutation relations of the field operators
and by the symmetry character of the function V"(x1, . . ., xrr). We have seen
that the first one is sufficient to give the right "statistics." In the formulation
we develop in this section we wil l choose the second manner, i.e., we introduce
"statistics" in the state vector (4.7) by means of the symmetry character of the
function V"("r, . . ., x.rr). By doing so the possibil i ty is created of a uniform
description, independent of"statistics," ofthe indexed particles, be it bosons.
fermions, particles obeying parastatistics, or even particles with no correlation
at ail. The commutation relations of the field operators r/;(x), etc. may be the
same in all cases.

Since for uncorrelated particles no symmetry requirements are to be imposed
on the function,Vr(x1,. . .,x,rr) in@.1) and (4.8), it follows that

(o l r !1(x1).  .  .  gr ' (x,^, ,WhO*1. .  .  Vr l (y,) to l= f i  s(x;  -y i )
i =  L

(4.e)

J ax y,rv r(xr, . . ., xry) {i,(x,nr)' . . r/ f (x, ) | o )

I
Nu
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Another aspect of applicability ofthe theory to uncorrelated particles is ex-
pressible by the property that indexed field operators with different indices
commute. Thus

tgi(x),,1' i1)l _= [g;(x), pl fyn _ = 0, i + j

It incidentally follows from (4.6) and (4.10) that

{ i ( x ) 1 V r . . . . . n ) =  0 ,  i  + { 1 , .  .  . , 1 / }

(4.10)

( 4 . 1 1 )

which is a most desirable result.
A third requirement for the indexed field operators is suggested by a relation

that is equally valid for bosons as well as fermions, viz.,

, t ,@){ t  (y) lo)  = 6(x -  y) lo)

As this clearly is independent of "statistics", we expect that it should hold
also for our indexed field operators. So we require

A{ i {1( l )  lo)  = 6(x  -  y) lo l (4.12)

As the equalig (a.9) is a direct consequence of (a.10) and(4.12), we may
omit the requirement (a.9). The one- and two-particle operators corresponding
to the configuration space operators 7';(x;) and V;i(xi, x), i * i are also
defined by analogy with quantum field theory, as

Note that in quantum field theory, because of the presupposed indistinguish-
abil ity of the particles, only operators are considered corresponding to
observables that are symmetric in the particle indices, such as

t/

,Zrr'{*')
and

N

2 Vi i@i,xi)
'i,ji 

il
Wth (4.1 3a) and (4. 1 3b) it is quite easy to show that (4. I 0) and (4.12) are
sufficient for the equivalence, under the correspondence defined by @.7) ot
the configuration space representation [by wave functions.Lr(xr, .. .,x,^r)]
and the representat ion by state vectors lVr . . . . .n) .  For  a l l  k inds of  "s tat is t ics"
this equivalence is expressed by the equalities

(@r , . . . , . n r1Vr , . . . , r y )  =  l o * r  
' "  

f ax ryo f ( x r ,  .  .  . ,  x -n r )V r ( x r ,  .  .  . , " , n r )

@.raa)
(@r , . . . , , n r141v r , . . . , . n r )=  l o * r . . . i a x ro$ (x , , . . . , xn r )T i ( x i )V " ( x r  , . . . , xN ) ,

i c_ { i , .  , n }  @.14b)

ri = 
JaxP! (flri0'),tt i(x) (4.13a)

V ii = | dx I ay,, i @V i (y)V ii@, y),lt d y)'! t@), i + i (4. 1 3b)
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.  . , xy )V ;1 (x i , x ; )V " ( x r , .  .  . ,  xN ) ,  i , j  e  {1 , .  .  . , 1 / }

@.1ac)
From (4 .11 )  i t  i s  immed ia te l y  seen  tha t  7 " ;1V1 , . . . , r y )  and  V i1 l9  1 , . . . , 7 , / )

van i shwhenpar t i c l e i  o rT i sno tp resen t i n thesys temdesc r i bedby  1Vr , . . . , 1 , , , ) .
Also, the equivalence of the Schrtjdinger equation of a system ofIy' indexed
identical particles

(4.1 5a)

H ( 1 , .  .

(@r ,  .  . . ,n  lV i j lV  r ,  .  .  . ,N>
t f=Jor t " ' Jd r "o f ( " , .

H ( l ,  .  . . ,  1 / ) l V r , . .  . , , v )  =  i h ( d l d t )  l V r , . .  . , N )

., AI) =.F10(1, . . ., i l) + V(1, . . ., N
N .  1 6 2  \= > laxl t i t i l l  ; ;a* vut l l r i ! )

i = l r  \  / J v r  I

, { r r ++ \ I I a* | ay"1,! ro,t f (ilv(, , i,tt i,)tt {x)
i  ; = l  J  J

i = i

(4 .1 sb)

(4.r6)

switch in the usual

(4.17)

(a .1  8a)

(4. l  8b)

(4. I  8c)

(4. l e)

(4.?.0)

with the usual non-relativistic equation in configuration space, is easily derived.
To conclude this section we mention some further properties of the indexed

field operators. From the physical interpretation of the operator ry';(x) as an
operator describing a field of onTy one particle, it follows that

,lti$)rl,i(_y) = 0

In order to study the commutator of rf;(x) and r/lfv) we
manner to a discrete representation:

' l t {x)= \  a f  up@)

lk1) = afT 1s7

we conclude from (4. 18b) that a! may be represented by

a!  =  lo ) (k i l

where {47.(x)} is some complete orthonormal set of one-particle functions.
Then af 1af f ) is the annihilation (creation) operator of particie i in the state
with wave function u6(x). Inserting@.17) into (4.10), (4.12), and (4.16) we
get

lof .oi l  = lo'f  .oj l-= o. i  + i

of o',r lo> = 6111o)

ofo t i=o

When we introduce for the one-particle state of particle i with wave function
.I,r(x) = uo(x) the notation
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From (4.20) we easily derive that

l f  ;("),, l , lCyi l- = 6(x * y) I  oi) ( o t l  - ,1t! 0) lo i) <o i l  v i@) @.2r)
and

I,t,{y), p,i("){i(")l-= 6(x * y)lt;(x) (4.22)

which may be used to find the equation of motion of r/;(x) in the Heisenberg
picture with the Hamiltonian (4.15b) as

do, (x )  |  n2  I
i h ry= l - - :  A+v@) l l ) i ( x )

a t  l 2M I
nr'

+ 4 ,t' i(x) t I o, Vf*, y) + v(y , il Vl O)0 iO)
i - t  t

( i  + i )

It is also easily verified that the operator

u,= lany! 1n{i(x) = 
1 o!'o!

commutes with the Hamiltonian (4.15b), expressing conservation of the prob-
abil ity that particle i is present in the system described by this Hamiltonian.
The operator corresponding to the number of particles with state function
up(x) is given by

ttk = ) afra!

since

Nka! , , I  ' ' '  o f iJ  O>= nr ,af l t  ' ' 'o !# ' lo , (4.2s)

npbeing the number of t imes k is represented in k1 ,. . .,kN. The operators
Nk are deflned on the Hilbert space of indexed particles. in which the vectors

o! , ' ' ' '  o f# lo) .  i /=  O,  1,  2 .  .  . ,  ip l ,  i1  *  iy ,const i tu te an or thonormal  basis .
The operator corresponding to the total number of particles now follows from
(4.24) and (4.25) as

X=>N,=> wk=la ! ra !
i k i k

(4.26)

For the Hamiltonian (4.15b) we arrive in the k representation at the expression

N -+  -  i y '  - +  . +
H( r , . . . , 1 / )=  )  l  H fp ! '  a t i + l

i = l  k l  i , j = l k l m n
(i + i) 9.27)

(4.23)

(4.24)

r lnz  I
ufl, = | dxu[(x) | - n a + vg)lu{x\

" L L t r t l

V kt-n = 
! ax ! at uf (xlufg)v(x, y)u ̂(,,)u n@)
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Mirman (1973) strongly opposes against what is called "physical exchange of
particles,",in which two particles change places. Indeed, in a theory of indis-
tinguishable particles this notion makes no sense at all as it is then thought to
be impossible to distinguish experimentally between the original state and one
in which the particles have been exchanged. In a theory ofindistinguishable as
well as distinguishable particles an interaction is needed to perform the ex-
change. However, in an indexed-particle theory a new possibility opens up
for interpreting the "physical exchange of particles" that avoids the difficulties
connected with the more or less mysterious way in which two material particles
should be able to exchange their places. For, ifnot the particles themselves,
but just their indices would exchange, the final state could not be distinguished
experimentally from a state that results from a reai physical exchange ofthe
particles, included indices. So an interaction that exchanges just the indices
could be interpreted as an exchange interaction.

However, when index exchanging interactions are present it is no longer
possible to use this index for distinguishing purposes. As a matter of fact pre-
cisely the presence of this kind of interaction would give the index the status
of a dynamical variable. So a theory of distinguishable particles is possible
only when the interactions are index preserving. The Hamiltonian (4. l5b)
clearly is of this kind as

btgi@)'! i7)v(r, . .. ro,lf t*w,,I(J/)to> = o, x * y

5. Indexed Boson Operators

In order not to be bothered by phase conventions, in the following we
restrict our considerations to bosons. Using the indexed particle operators
defined in (a.18) and (4.20) a normalized symmetric state of y'y' indexed
bosons may be represented by

l i r  " ' r r r r t k r  " ' k l r ) s  = { N r . I l 1 , n 1 , t . } - t l ' Z d : ' '  "  4 f , * ' l o ,  ( 5 . 1 )

Againny is the number of t imes the single particle state k occurs among k1,
. . . , ku ' ,  f u r t he r  Pk t , " ' ,Pk ry  s tands  fo r the  pe rmu ta t i on  P (k t , " ' ,  k f f ) .  I t i s
possible (Jauch, 1966) to define a projection operator on the Fock space of
symmetric states, IIr, according to

+ +

I l r o f , " '  .  .  o !# '  l o )  =  Q{ ) - r l 2 ( t l pnp l ) r  l z l i r ' ' '  r r . r ;  k r ' ' '  kN )  s  $ .2 )

This projection operator is expressible explicitely in the indexed field operators
followine

4: ' ' ' ' '  df ,* '  lo> <o I  af lN'  "  o?,n '

(s.3)

In (5.3) the summation over i 1 , . . ., iN is extending over all possible sets of ly'
different indices.
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The ooerators

,b! = tl"a!rl,

,nft = rt,oftn,

(s.aa)

(s.4b)

are easily verified to possess properties that are analogous to those of the
usual annihilation and creation operators ofunindexed bosons, viz.,

l i r  " '  r , r r t  k1 ' ' '  k r ) s  =  (N ) r l 2$ t kny l ) - t l 2 ,b ! , , 1 ' ' ' ,U fp f  l o>  (5 .5 )

, b ! l t r ' ' '  i N ' , k r ' ' '  k r r ) ,  =  p , n u r l 2 1 1 t - r l 2 V r ' '  i ' ' '  i 1 i 1 ; k 1 k'  '  '  kn),

(s.6a)

, b f r  l i r .  
.  .  i n , k 1 .  .  .  k y t g

= 0  *  p ) ( n k +  l ) r l 2 ( N  +  t ) - r | 2 f t r . . .  i v r i ; k . . . .  k N k > s  ( 5 . 6 b )

where

1 1 ,  i €  { i r  " ' r 1 1 }
P ; =  |

to , r+ { i r '  r l / }
The equalit ies (5.5) and (5.6) lend support to the interpretation oIthe

operators 
"bf 

and rbf+ as annihilation and creation operators ofan indexed
boson. Contrary to the creation and annilation operators defined in Sec. 4,
they pertain to particles correlated according to "statistics." Yet they have a
wider scope then the creation and annihilation operators of unindexed field
theory, as the operators (5.4) are also defined outside the Fock space of
symmetric states. However, since they are adapted especially to this space, it
is questionable whether a physical meaning can be attributed to these operators
outside the Fock space of symmetric states. For this reason we will only study
their behavior on this latter space. The commutation relations of the operators
,b! andrbf* are easily derived from (5.6) in this case. We get

kbf , ,bjl_= 1,bfr , ,bj1 )_= o y,jn, (s.7)
which relations are even valid outside the Fock space of svmmetric states. The
commutation relation [rDf , rDjf ]-is rather a bulky expression which we shall
not write down here.

In order to arrive at a dynamical description ofa system ofindexed bosons
by means of the indexed boson operators, we mention the equality

a l l i r  "  '  i y i k 1 '  '  ' k ' ) "  =  p !  l r r .  .  . i u ; k . .  ' -  k p ) s  ( 5 . 8 )

(note that there does not exist an analogous equality for the creation operators).
Replacing in(4.27) the operators af etc. by their symmetrized counterparts,
we may define the Hamiltonian operator

N  _  . +

"11( r . . . . .44=  2  Z  nh  sb f  sb !+ ,i= | kt 
t,,ii

k tmn 
(5 .9 )
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With (5.8) it is then easily seen that

" ( 1  
" '  N ; k t  " '  k N l f l ( | ,  . , n D l 1  " ' 1 / ; / r  " ' h l ) s

= s ( I  " '  N ; k t ' . .  k N l H ( | ,  . , 1 0 t 1 . . . i / ; / r  . ' . / , 1 7 ) s  ( 5 . 1 0 )

So, on the Fock space of symmetric states we have

( s .1  1 )

from which we conclude that-(5.9) is the Hamiltonian of a system of ,A/ indexed
bosons. By the substitution a! - ,bf also the number operators defined by
(4.24), (4.25), and (4.26) are turned over into the corresponding number
oDerators of indexed bosons.

The operator  rbf  
t  is .  unl ike af* .  not  s imply in terpretable as the creat ion

operator of a particle with index i in single particle state k. This is most clearly
il lustrated by the equality

,bfr ,bjt = ,nft ,n,,1 (s.r2)
which follows from the symmetry of the vectors (5.5). Equation (5.12) reflects
the facts that bosons are correlated particles and that the notion ofsingle
particle states has a l imited meaning for such particles. For, although the
operator 

"bi ' 
adds a particle with index i and a single-particle state k to the

init ial state, because ofthe correlation in the final state particle i is not bound
to be found in state k.

6. Relation to Unindexed Boson Theory

In order to be able to compare the indexed boson formalism with the usual
formalism of "indistinguishable," unindexed bosons (4.1)-(4.3) it is necessary
to remove the restriction in (5.9) on the summations of i and i to a specified
number of particles. We therefore replace (5.9) by the Hamiltonian

HP,,b!',t ',*i 
7, rln vn,^n,u!',4t,bf ,bf 6.D

( i + i )

lV1;1)= ZM {"k}  tz iu-= 'x l

are equal to those of the unindexed boson Hamiltonian

r11= : :
t k t

where the summations of i and 7 now extend over the whole set 1 of the particle
indices. The Hamiltonian (6.1) has the desirable property that its matrir elements
between state vectors not belonging to a definite number of particles, of the
form

(.6.2)

H= > Hf1af,a1+| : vy1^,al,at a^an
kl klmn

(6 3)



DIST lNGUISHABLE AND

between state vectors

INDISTINGUISHABLE PARTICLES 343

l v )  = c  { n k } l  { n k } )

provided corresponding coefficients in(6.2) and (6.4) are identif ied, i.e.,
when we put

(6.4)

(6.s)

then

c { n t } = r 1 t n n } ' *

(V l -F1 lO)  =  ( iL { i }  l " t1 lo1 ; }  ) (6.6)

We note that the equality of the matrix elements of 
",F1 

with those of .F/is
independent of the choice of the indices in (6.2) as long as (6.5) is satisfied.
A second remark amounts to the observation that the state vectors (6.2) do
not contain linear superpositions of states with an equal number of particles
but having different indexations. This restriction is reasonable within the theory
expounded here, since the indices are considered to be intrinsic properties of
the particles and so there should obtain a superselection rule regarding these
properties. This aspect is very important in tracing the relation between the
indexed and unindexed operators a'f and a1. Ir-rdeed, on behalf of this super-
selection rule an identif ication of a6 with 2iaf as is suggested by (6.1) is ruled
out. Apart from this argumentation, introduction of this identification in (6.3)
gives rise to matrix elements of which the potential energy part differs from
that given bV (6 !) by a factor of 2.It may also be verif ied that the matrix
elements of 2 iaf do not equal those of the unindexed boson operator calculated
in states connected by (6.5), but that the matrix elements of the operator
2 iaf lyrtz do (analogously for the creation operators). However, the physical
meaning of this operator is not clear.

From the foregoing it follows that the results ol "indistinguishable" un-
indexed boson theory should be recovered by application of classical ensemble
theory as far as the indices are concerned. To this end we introduce in the
Hilbert space of symmetric indexed particle vectors (6.2) equivalence classes
of state vectors in such a way that state vectors differing only by the indexation
ofthe particles belong to the same class. Such a class is then represented by the
unindexed state vector (6.4), c{nk} being given by (6.5). A transition between
two unindexed particle states lV) and l@), specified by the transition amplitude
(O llli ) is now represented in the indexed-particle lormalism by a transition
between the corresponding equivalence classes, specified by the amplitude
(O1; 1 | V1; 1) averaged over the different possible indexations within the
equivalence classes.

Because of the different meanings of the operatorsaf andap it is not possible
to recover the matrix elements (\L lar I O ) by simply averaging the corresponding
indexed-particle matrix elements. Indeed, in interpreting the annihilation of
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an unindexed particle in terms of indexed particles whose indices remain un-
observed, we should realize that each ofthe particles that are present in the
initial state has a probability of being annihilated. The sum of these probabilities
should equal the probability that a particle (no matter what is its index) is
annihilated. This picture is in agreement with the equality

l ( { np } '  ,  nx  -  T las l  { np } )17  =  nk  N (n r l lV )

= : | , ( t r  " ' + " '  i y ; k 1  " '  k " '  k u l a f l i r  " '  r r , ' ;  k 1  " '  k y ) , 1 2' (u.r)
A.similar argument obtains for creation operators and for arbitrary products

p[alrj, {a;}) oi creation and annihilation operators.
Thus for instance for k * I

| ({ny}', nr, - l, n 1 - | la 1ra 7l {n1rDl} = tlkltt =1i(1/ - \ -#L;1(// - l)

=  I .  l r { i ,  "  ' + '  "  j '  ' ' i u ; k t ' "  k  "  ' t ' "  t  , l a f  a j l i l ' '  ' i 1 y ' , k 1 '  ' '  k p s ) r l 2
' ' t  

( 6  8 )

Here 1(1/ - l) is the number of different ways in which two indexed particles
may be annihilated from a system of ly' indexed particles. Note that the order
in which particles i and j arc annihilated is relevant, giving rise to two different
transition processes.

It does not seem possible to relate directly the amplitudes of the indexed-
and the unindexed-particle theories in a way consistent with the interpretation
given above, because ofthe appearance ofthe factorsly'-1/2 expounded in
(5.6). Since amplitudes do not have physical relevance, this does not have con-
sequences in the cases studied above. However, when we try to generalize the
foregoing to matrix elements between arbitrary state vectors, we arrive at the
conclusion that this can only be done when one of the vectors has a definite
number of particles. Thus

l (vlr l{{al}, {a;}) lo)12
t r ) . t s j  ( 6  9 )

When both vectors have an indefinite number of particles the indexed-
particle probabilities differ from the unindexed-particle ones as may be seen
from the following simple example. With

l i D )  = a 1  |  { n / r } )  +  b  r l { m y } ) ,  l * l  =  a z l { n r } ' ,  n r  -  l )  +  b z l { m r } ' ,  m p  -  1 )

N  = 2 r *  1 M = ) m y
k k

we get

l (@ lar lV)12 = lala2tfnp + nlb 21/mrl2 (6.1 0)
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Dut

) l(o1i] lof l,I,{r})|'? = Nlafa2t/(n*llg+ b|b2\/fuklI},t)12
I

+ (M * Nlblb/./(mxlruDlt (6.11)

which is different irom (6. I 0) when M * N, the difference being proportional
to (NlIt4)t12 - 1.

The discrepancy between the indexed- and unindexed-particle theories found
here could be used to test the applicability of the theories. For this it is esen-
tial to consider transitions in which both initial and final states are coherent
superpositions of states with different numbers oI particles.

7. Comparison with an Earlier Theory

By Marx (19'72) creation and annihilation operators have been introduced
of "numbered" bosons and fermions. The creation operator numberedT is
defined in such a way that the (anti)symmetric state vector in (generalized)
Fock space conta in ingpart ic les numbered 1,2, .  . . , i  -  1 , i  +  1, . .  . ,  Iy ' is
turned over into a state vector of the same symmetry character with particles
numbered l, 2, . . ., /y'. Analogously the annihilation operator numbered 7
destroys a particle with this same number, maintaining the symmetry character
ofthe state vector. In view of(5.6) the creation and annihilation operators of
numbered particles show at first sight some resemblance to the indexed-particle
operators defined by (5.4). The numbered.p*article operators of Marx refer to

correlated particles, as do the operators 
"Df 

' 
and sb! . Apart from this similarity

the two kinds of operators are quite different because of the different meanings
of "numbering" and "indexation" of particles. These differences are for instance
reflected by the commutation relations of the operators, which show quite a
different behavior.

In Section 2 we defined the particle indices to be intrinsic properties of
the particles..As we saw at the end of Sec. 5, we then cannot interpret the

, - t
operator ,bi ' as the creation operator of a particle with index i in single
particle state k. As Marx defines his numbered particle operators precisely
according to this interpretation, we may conclude that his numbers cannot
be intrinsic properties of the particles. This conclusion is confirmed by the
commutation relations the numbered particle operators obey fMarx, 1972,
Equations (2.6)-(2.10)]. These relations show a dependence of the numbering
ofthe particles on the order in which two particles are created or destroyed
successively in two different single-particle states. This could never be the
case if the numbers represented intrinsic properties of the particles. In fact,
the results of the numbered-particle theory of Marx are compatible with an
interpretation of the numbering as a numbering of occupied single-particle
states, rather than as an indexation of the particles. This means that "particle
T"refers to the particle that is attributed to theTth occupied single-particle
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state. Thus, when a particle is added in some single'particle state, all particles
that were already present in states with a higher ordinal number should be
renumberedT -+ j+ 1. This clearly shows the difference between particle
numbering and indexation.
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