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A straightforward derivation of the Bell inequalities is given, without in any way appealing to locality. This demonstrates the
incompatibility of both local and nonlocal hidden variables theories with quantum mechanics, and the irrelevance of the Bell

inequalities to the problem of (non)locality in such theories.

In this note a derivation of the Bell inequalities is
given which is not completely new. Essentially, it can
be gathered from articles by Fine [1] and by Clauser
and Horne [2]. It seems, however, worthwhile to
write down the complete derivation once again in or-
der to demonstrate explicitly that the assumptions of
locality {2] or factorizability [1] which are made in
the cited articles, are not necessary for a proof of the
Bell inequalities. In his original derivation Bell {3] as-
sumed his hidden variables theory to satisfy a locality
condition which he deemed to be a *vital assumption”.
Presumably due to this fact there still exists a wide-
spread belief — also among specialists — that the Bell
inequalities can not be derived for nonlocal hidden
variables theories. This would leave open the possibil-
ity that quantum mechanics might be reproduced by a
nonlocal hidden variables theory. From the following,
however, it should be clear that the mere existence of
hidden variables is sufficient to yield the Bell inequali-
ties. Hence not only local but also nonlocal hidden
variables theories are incompatible with quantum
mechanics. Local and nonlocal theories being on an
equal footing it also follows that the Bell inequalities
are completely irrelevant to the problem of (non)-
locality in hidden variables theories.

Let 4! i=1,..., n be random variables with values
in R. We consider a classical probability theory of such
random variables in the sense of Kolmogorov’s theory
of probability. Then, if §' is a subset of R, the only as-
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sumption that will be made is about the existence of
joint probabilities P(S1,...,S™) of random variables
A’ taking values in subsets S*,i = 1,..., n. Because of
their theoretical meaning the probabilities P(Sl, s
S™) satisfy the following properties:

P(sl,....sm=o0, (1)

P(T!,s2,... sm<P@S!,s2,..., s ifTIC S,

) @
P(st,s?,....sm+pSt s2,...,8™)
=P(s2,...,8"),
if S! is the complement of S inR. 3)

These properties are sufficient in order to derive the
Bell inequalities. To this end I first reproduce the fol-
lowing theorem due to Fine [1],

Fine’s theorem:

Ifa4l ,A 2, A3 and A% are arbitrary random variables,
then

—1<P(St, 82 + P(s!, 8%) + P(S3, 8*) - P(S2, 8%)

—pSH-PEH<o. (4)
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Proof:
P(st,s2,83)y=p(s!, 52,83 s*) +P(s], 52,83, 8%
<P(8%, 8% +P(S3, 8%
= P(S?,8%) +P(S3) - P(S3, 8%, )
P(St 5%, 8% =P(S!, 82,83, 84y +P(SL, 82, §3, 8%
<P(S3, 8% +P(s2, 84
=P(s3,8%) +P(S?) - P(S%,8%), (6)
0<P(s!, s? 8% =p(s! §2) - p(s!, §2,8%)

=P(sY) - P(s1,82) - P(SL, s3) + p(s!, s2, §3).

@)
From (7) and the equality
—P(s?,8%) +P(S%,83) = 1 - P(8%) - P(S?),
it follows that
0<P(S!, 82, 83)=P(82,8%) - p(sL, 82,83
=1-PH - P - P +P(SL, 82
+P(s!, s3)+P(St, 82, 8% (8)
Combining (5) and (7) we get
0<P(SH)—P(s1, 8%~ P(st, $3) + P52, 8%)
+P(S3) - P(S3,5%). )
From (6) and (8) it follows that
0<1-P(SY - PP +Pst,shy+P(s),s%)
+P(S3,8%) - P(s2,5%). (10)

The inequalities (9) and (10) can be combined to, what
are called by Fine, the Bell-Clauser—Horne inequalities

—1<P(Sh, $Y) +P(sL, 83 + P(S3, 8% — P(S%, 84
-pShH-prsH<o. @an

Analogous expressions can be obtained for other
choices of the random variables. For instance, by inter-
changing the indices 2 and 3 we get
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—1<P(sL, s2)+P(s!, 83) + P(S2, 8% — P(S3, %)

. —P(SH - P(sH)<0. (12)

" This concludes the proof of Fine’s theorem.

From (11) and (12) it is straightforward to derive
the inequalities as originally obtained by Bell [3] for
dichotomic observables with possible values +1 and —1.
For such observables the expectation value of the
product 4’4’ is given by
(A'A7) =Py (+,4) + P (—,—) — P (+,~) — Py (%),

(13)
where Py; (+,+) stands forP(Ai =+1,47 = +1), etc. {
Now the inequality (11) can be transformed in a
straightforward manner into an inequality for the ex-
pectations (4°47), since by (13) the middle term of
(11) can be related to these expectations. Denoting the
middle term of (11) by Q(Sl, s2, 83, S4) and using
the notation of (13) it can be seen directly that

A4+ (A4 + 434N —424Y
= Q(+’+1+’+) + Q(—'!'—’—’“

- Q(+,~)*’+) - Q(_9+,+s")'

From the inequality (11) it follows that

Q(+)+a+;+)>_ls Q Ty Ty Ty —)>—' 1,

14

- Q(+7_’_1+) } 0:
Hence
(A 4D +(alad + aPah— a2 as) 1]

From (12) we can derive in a completely analogous
way that also

(Alah +aladH +a24h - 434> -2, (16)
From (15) and (16) we finally get
KA24Y — (434D <2+(44D + (4147,

- Q@(—,+,+,-)>0.

amn

which coincides with eq. (15) of ref. [3], if (4 142)=
~1, as it is assumed there.

It should be stressed once more that in the deriva-
tion of (17) no special presuppositions have been made
regarding the nature of the quantities A’ exceeding the
specification of their character as random variables of
a classical probability theory with possible values +1
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and —1. In particular, there is no assumption of local-
ity. Hence, we may conclude that in Bell's original
derivation this assumption is superfluous, even though
it was Bell's explicit intention to exhibit an incompat-
ibility between quantum mechanics and local hidden
variables theories. As a matter of fact, the nonlocality
of Bohm’s quantum potential [4] is considered by Bell
as strong evidence against locality [S]. It is interesting
to notice, however, that Bohm [6] does not exclude
the possibility of a reconciliation of his nonlocal quan-
tum potential with an underlying local field theory.

Fine [1] explicitly expresses his doubts regarding
the role of locality played in the derivation of the Bell
inequalities. Yet, he does not seem to contribute very
much to a clarification of the issue by introducing his
concept of factorizability and by proving the existence
of a factorizable model in case the Bell—Clauser—
Horne equalities hold. This would imply that to any
nonlocal theory giving rise to the existence of joint
probabilities P(Sl, SZ, S3, S4) there would correspond
an equivalent factorizable model having the same joint
probabilities. To the criticism by Garg and Mermin {7]
regarding the physical relevance of such a model we
may add the remark that the existence of the factor-
izable model does not cause the equivalent nonlocal
model to be compatible with quantum mechanics.

I conclude with two remarks. In the first place, the
derivation given above should not be interpreted as ex-
hibiting the impossibility of all kinds of realistic (hid-
den variables) theories. As remarked by Bohm and
Hiley [6], the Bell inequalities are derived under the as-
sumption that the probability distribution of hidden
variables does not depend on the states of any large
scale systems (such as the various pieces of observing
apparatus). This point was also raised by Lochak [8].
In this view the Bell inequalities cannot be derived if
the probability distribution of the hidden variables is
changed by changing the measurement arrangement.
An alternative interpretation of the Bell inequalities, in
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which the role of the measuring instrument is taken in-

_to account, is developed by de Muynck and co-workers
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The second remark has to do with the problem of
(non)locality of the microscopic world as described
by quantum mechanics. Of course, this problem is not
settled by demonstrating the irrelevance of the Bell in-
equalities in this matter. From the conclusions of this
note it follows, however, that this question, which has
an interest for its own sake, must be studied by meth-
ods which are independent of the Bell inequalities.
To this end, on the level of quantum mechanics a the-
ory of local observables and local operations was de-
veloped (de Muynck [10]), demonstrating some non-
local features. However, whether this nonlocality stems
either from certain peculiarities of the quantum me-
chanical description, or is caused by a veritable non-
locality of an underlying reality remains an open
question.
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