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Starting from a representation of a quantum-mechanical observable by a positive-operator-valued measure it is derived
that if two incompatible observables of and ‘B are measured jointly then both the - and the B -measurement are dis-
turbed. More specific: if the expectation values () and By are undisturbed then there is a broadening in the probability

distributions of both the ¢{- and the ‘B-measurement results.

It was demonstrated in ref, [1] on the basis of a
quantum-mechanical theory of measurement that the
joint measurement of incompatible observables is not
excluded by the formalism if it is allowed that the
measurements mutually disturb each other. Recently
the experimental feasibility of such experiments has
been discussed by Yuen [2]. In this note some general
properties of joint measurements are derived, starting
from the representation [3,4] of a quantum-mechani-
cal observable by a positive-operator-valued measure.

We first consider the measurement of a single ob-
servable o . We shall assume that the state of the
system can be represented by a density operator p
on the object Hilbert space #(. The observable o will
be represented by the self-adjoint operator 4 on the
same Hilbert space #(, with spectral representation

A=27a,P, . (1)

So oA is assumed to possess a discrete but possibly
degenerate spectrum. According to ordinary quantum
mechanics the probability distribution of the mea-
surement results a,, for the observable of is given by

Wola,,;p) = Tr(pP,,) . (2)

We now consider the consequences of a generalisation
[3] of the projection operator-valued measures {r,}
to positive-operator-valued measures {R,, }:
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Wa,,;p)=Ti(pR,,), (3)
in which R, are positive self-adjoint operators,

R, =0, “4)
satisfying

2R, =1, (5)
m

and

2 a,R, =A. (6)
m

By (5) and (6) it is ensured that the probability dis-
tribution (3) is normalised, and reproduces the quan-
tum mechanical expectation value Tr(pA4) of . It
is not required that this also obtains for all operators
J(A), asis the case with probability distribution (2).
The root-mean-square deviation Ay o of the mea-
surement results which we would expect to find ac-
cording to ordinary quantum theory is given by

o= 2 g} Woayi)— (D ay, Wolain))|

= Tr(pA?) — [Tr(p4)]2 . (7

The root-mean-square deviation A &{ of the measure-
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ment results represented by (3) can be expressed ac-
cording to

(ast) = Z a}n W(a,,;p) — (E a,, W(am;p))2

= Tr(pE a2 Rm) — [Tr(od)]?. (8)
Combining equations (5), (6), (7) and (8) we obtain

(As)? — (BgA)2 = Tr{p (%} aranm ;AZ)}

=2 Tr[o(4 —a,)) R, (4 —a,)] >0, (9)

the non-negativity of the right-hand side being implied

by (4) and the consequent positiveness of the opera-

tor (4 —a,,)R,,(4 —a,,). So

AdAZ Ay . (10)
We now investigate under which conditions the

spreading in the measurement results reduces to the
minimum spreading. Imposing the requirement

Add =7, (1

for all p = Oleads with the help of eq. (9) to the equal-
ity

A-a,)R,,(A—-a,)=0. (12)
This can easily be shown to imply
PR,,P;i=0 for i#Fmandj#m. (13)

Using requirement (5) we may conclude from (13)
that

P,,R,P, = ?Pme-Pm =P, . (14)
But (13) also implies (I — P, )R,,,(I — P, )= 0, whence
R, (I —P,)=(I-P,)R, =0, and

P,R,P. =R, . (15)
Comparing this with (14) leads us to the conclusion
R, =P, . (16)
We conclude that the distribution (3) obeying the

2
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requirements (4), (5) and (6) meets the requirement
of minimum spreading (11) for all density operators
p if and only if R, = P,, for all values of m.

With the help of eq. (9) it is easily seen that re-
quirement (11) is equivalent to the relation

afn Rm=A2 . (17)

m

Eq. (11) together with the requirements (4), (5) and
(6) leads to conclusion (16). Therefore we may state
that if the positive operators {R,, } satisfy the rela-
tion

ak R, =4% for k=0,1,and2, (18)

m

then this relation is satisfied for all integers k > 0. We
may interpret this result as follows:

If the positive-operator-valued measure {R,, } yields
the quantum mechanical expectation values of both
A and A2 according to

Tr(pA¥)= 20 ak W, :0), k=1,2, (19)
m

then we can calculate the expectation values of all

operatorsAk according to (19) fork=1,2,3, ....

A measurement satisfying (19) will be called undis-
turbed. Such measurements satisfy (16).

It is also observed that (16) can be obtained if,
instead of (19), it is required that (4), (5) and (6)
hold, and R, is a projection operator for all m. This
result may be inferred from the fact that projection
operators R, , satisfying (5), should necessarily be
orthogonal, R;R;= §R;. In view of (6) thisleads
to the conclusion that {R,, } is a spectral representa-
tion of the self-adjoint operator A. Since every self-
adjoint operator has a unique spectral representation,
we arrive at the desired result that (16) must hold
for all values of m. It follows that the requirement
(18) is equivalent to the requirement that the opera-
tors R, , satisfying (4), (5) and (6), are idempotent.

We now extend the results of the preceding sec-
tion in a straightforward way to the joint measure-
ment of two observables ¢f and 9B corresponding to
self-adjoint operators4 = =, a, P, and B=Z, b,0,,
respectively. It is not assumed that 4 and B commute.
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The joint measurement of the observables & and B
leads to a joint probability distribution of measure-
ment resultsq,, and b,,,

W(a,,, b,;0)=Tr(oR,, ) , (20)

in which {R,, ,} is a positive-operator-valued measure.
The requirements of positivity, normalisation and
reproduction of averages may be expressed in the
form [cf. egs. (9)—(6)]:

R, >0, (21)
% R, =1, (22)
Z 4R, = (23)
E bR, = (24)

Also the sets {Z,R,,,} and {Z, R, 1} are positive-
operator-valued measures, corresponding to the mea-
surement of observable ¢ in the presence of the
measuring apparatus for observable B, and vice versa.
If%,R,,,=P,and 2 R, = Q,, we shall call the
measurements nondisturbing. Then both the of- and
‘B-measurements are undisturbed. In general this is
not the case.

We now study the consequences of the requirement
that the #-measurement satisfies the minimal spread-
ing condition (11). Repeating the derivation leading
up to (16) we arrive at the conclusion that, if

2245 2R, =4k, k=0,1,2, (25)
m n

then

?Rmn =P, (26)

and (25) holds for all values of k.

Oncemore, eq. (25) is equivalent to the require-
ment that the P.O.V. measure {X, R, 1, satisfying
(21)—(23), consists of projection operators,
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(O Rpn)?=24R,,, . @7)

Lemma. 1f the self-adjoint operators A and P satis-
fy the relation 0 <4 <P = P2 then (I — P) isa pro-
jection on (a subspace of) the null-space of 4. So
(I —P)A=A(I—P)=0, which yields AP=PA=A.

Considering

(P s

i+m

(B (B
BB o

we may apply the lemma to the right-hand side of
(28) because, if (27) obtains, then

2

< 2 Ry= (Z)R)

iaém Hém,] i=m,j

This yields the result

(27, (2R (2 o) (ZRu) - Fns
Using (23) and (2;1) this gives us
AB=BA = Z) bR, . (30)

Summarising, we may conclude that if, on jointly
measuring observables #{ and ‘B, it is required that
o4 has minimal spreading, then the self-adjoint opera-
tors 4 and B should commute. A completely anal-
ogous conclusion can be drawn from the requirement
of minimal spreading for the observable B. Since
minimal spreading implies that the measurement is
undisturbed it follows that if «{ and B are incom-
patible observables both the - and the 9B -measure-
ment are disturbed if the measurements are performed
jointly. This extends a result obtained in ref, [1],



Volume 98A, number 1,2

where it was demonstrated that at least one of the
observables is disturbed. This also partly answers a
question raised by Yuen [2] regarding the possibility

of the joint measurement of incompatible observables.

Evidently, for incompatible observables it is at most
possible to measure jointly the expectation values
(4) and (B). It is, however, impossible to derive either
{42y or (B2) from the joint probability distribution
(20) if A and B do not commute.
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