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ABSTRACT

The necessity is discussed of extending the Dirac-von Neumann axiomatization of

quantum mechanics ,. t *t"*totion ofibservables by positive operator valued mea-

sures. A partial oraering-";;;;"t" is defined' and a characterization is given of its

maximalelements. I t is"demonstratedthat theextensionof theformal ismal lowsthe
j;;;;"*"r"-"nt of in"ompttible observables' and fully accounts for a mutual distur-

bance of the measurement iesults in such measurements' An inequality is presnted'

illustrating trri, 
""pu.l 

oi quuntum mechanical complementarity. The qualitative dif-

ference of this inequatity w^ith the Ileisenberg inequility is discussed. The notion of a

Wigner measure is introduced'

1. Introduction

Quantum mechanics is best known in its canonical formulation due to Dirac [1]

.od toit Neumann [2], which can be summarized as fo]lorvs:

e A state preparation is described by a state function ry' or a density operator p'

o A measurement is represented by a self-adjoint operator A: I;)E(d'\)'

r The expectation value of the measurement outcomes is (A) = TrpA'

o Theprobabii i tydistr ibutionofthemeasurementoutcomesisp())d)=TrpE(d\) '

r An observable corresponds with a projection valued measure (PVM), defined by

the spectral ."rotot-io',t {i(d'\)} of the self-adjoint operator A' and satisfying:

t(dl) > 0, E(d^)E(d^') = E(d))5() - ) ') '  Jnn@t'1= 
t '

In recentyears ,however , i thasbeenrea l i zed [3-5 ] tha t . theDi rac-vonNeumann
ax iomat iza t ionof fe rsa toores t r i c tedschemetoencompassa l imeasurements tha tare
p.Ji" *itfrin the dom.in oi qtru.t,t- mechanics. and that a generalization of this

scheme is necessary. The charaiter of this generalization can be derived from a con-

sideration of the measurement process a-s a quantum mechanical pfocess' in which the

interaction between object O arrd m"ururing instrument A is governed by a Schrodinger

jI-i:\-?,J L D*ot -i'.2' h o--oi fu/-*v(,(  YR +. 'zA't"- t  Pl '7* ' ' 'c
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e<lrrat iorr in the fol lowing way. Let ps and p.a be the init ial  density operators of ob-

jcct al ld nrcasurirrg iustr.unrerrt,  respectively, and let u represent the unitary operator

. l .scl i l r i l rg t lre i t t teraction, then the f inal slaLe p1 is given by

p t = I I p o & p . q u t .

l f  1r is the variable characterizing the f inal pointer posit ions of the measuring instru-

rrrent, an.l  { t ' ( . ' r)(dp)} is the PVIT,I corresponding with these pointer states, then the

poirrter state probabil i t ies are given by

p(, lp) = Trpl E6l(, . tp\ = TropoTttpout ElAl ldplu'

' [ ' l r t :  sct of opeLatot 's {,1f ( l /r)},  t lef irret l  by

p(d p) =' r^r o p oTt A p A{J t BtAt @ 1t\U : Tr o po M (d p) '

corrsists of the operators describing the relat ive frequencies of the measurement results

o[ rhe expe|ime;t.  I t  must be co,npared with the spectral representation {E(df)} '

rvhich irr ih" Diru.-uon Neumann axiomatization plays this role. In general the oper-

at,rrs ,1I(dp) are uot project ion operators. They only satisfy

IrI(rip) 2 0, lvI(dp) = t.t
J I'I

Ir  was proven by l lolevo [5] that any probabil i ty distr ibution on the set M of

poirrter. posit iorrs !  can be |epreseuted by the expectat ion values of the operators

,t t1,t1,; .  
' I ' l rc oPer.atoLs t/( lp) are said to define a posit iue operator ualued measure

(l ,OVI\. t) .  Q',u,rt , ,n, rrtechanical obset 'vables satisfying the Dirac-von Neumann axiom-

atizatiori ,  being represented by PVN{s, evidently consti tute a subclass of the general

class of obsctvable's t 'eplesented by POVMs.

l1 t6is t :ontr ibutiol we shal l  f i r 'st give t lvo examples of measurements needing the

geuerir l ized forrtral isnr for their <Iescript ion' A condit ion is given for the observable to

Le r.elated to an observable of the Dirac-von Neumann type. This relat ion in a natural

rvay giyes r ise to a del init ion of a nonideal ntea^surement of an observable, inducing a

l,ait i i l  or,1eri1g relat ion on the set of gerreral ized observables. This ordering relat ion is

, 'o,,rpi red rvit I  ottrel orderirrg definit ious that can be found in l i terature. A quanti tat ive

l l lcasrrre is giverr, 
"x1r,. .rr i , ,g 

a lneasurefl lenl 's cleviat ion from ideal i ty. The maximal

elcrlelts of t [e ordcring tulrr L]ut [o clrcoutpirss a larger class of observables than the

rrraxirnal Dirac-r 'ou Neunrarru ones. A characterization of these maximal elernents leads

to a unif ied vierv uf olt f iogonal and nortort i togonal resolut iorrs of t l te identi ty.

As a1 ir ir .crcst ing ap1,l l i<:t i t i t -rn of lhe lheory of general ized observables the joint

rrsrr ir l . :al  l rreaslrosrcrr l  is diserrssetl  ol tr l rselval-r les t l tal  are incompatible i Ir  the Dirac-

r.,rrr Nerrlr :r lrr  selse. 
' f  

rvo exagrplc's ale discussed. dentonstrat ing the possibi l i ty of

, r r t .5  rpeasuLernents .  an t l  s i rowing  t l r t :  ia i l r r le  o f  t l re  D i rac  von Ner tman l l  fo rmal ism to

, l , , s t .L ibe  b1( . l l  l l l gas l rc r le l ts .  l l s i r rg  thc  rueas t t te  o I  nor r idea l i t y  in t roduced be forc ,  i t  i s

l , , , s r i i r le  t t i  g ive  a  t iuan t i ta t i r t  c l ta la t  t cL iz t t t io r r  o f  the  lu t r lua l  d is tu rbance o f  measure-

r r r t r r r t  1 t , ' su l ts  i r r  suc I  l r )gasqrc l l rc l t s  r rs  l r re t l i c led  by  l ]o l r r ' s  co tnp le tnen la r i t y  p r inc ip le .
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Figure  l :  The t ,wos l i t  exper iment

For f ini te-dimensional Hi lbert spaces a general inequali ty i l lustrat ing this complemen-

tarity was derived from the general forrnalism [6]. This inequality is compared with

Heisenberg's inequali ty. Bal lentine's cri t ic ism [7] as to the latter inequali ty 's fai lure

to describe joint measurement of incompatible observables is endorsed and strength-

ened. Final ly, the joint measurement POVM is shown to be related to an operator

valued (Wigner) measure, the expectation values of which defining a ,1uasi-probability

distr ibution analogous to the Wigner distr ibution.

2. Examples of General ized Measurements

2.1. The Two-Slit Etperiment

The two-slit experiment can be formulated as a problem in a two-dimensional
Hilbert space as foi lows. Let {; ,  i  = 1, 2, be two solut ions of the Schrt idinger equation,
corresponding with a part icle passing with certainty through sl i t  i .  Then, the elernents
of the two-dimensional l{ i lbert space are given by

{ :  a h  *  7 t z .

The observable measured by this experiment is the posit ion y at rvhich the part icle
impingeson the screen (cf.  Fig. l) .  The probabil i ty distr ibution p(y) rs represented by
a sesquil inear functional

p(v) = lai 'prr(v) *  . , '9u2fu) + a0'pu(v) + l0l '  prr(v)

on the two-dimensional Hi lbert space. I t  defines a POVI\,I  \ l r t(dy),-oo < y < co)
according to

p(v) :  l ,b lu(v) l , l ' )
An important point Lo be noticed is that the observable measured in this experirnent
has a conl inuous spectrum -oo < y ( oo. Since no self-adjoint operators on a f ini te-
dimensional l l i lbert space exist having a continuous spectrurn, i t  foi lows that this
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FiSure 2: Optical homodyning as a measurement of Q

experiment cannot be described by the conventional Dirac-von Neumann

An extension of the concept of a quantum mechanical observable to a

by positive operator uolu"i 
"'"*u'"' 

i' '""n to be essential in order to

encolnpass also this experirnent'

2.2. HomodYne OPtical Detection

As a second example consider homodyne optical detection (cf. Fig' 2), in which

rhe sig'al-to-noise rat io o'f- . ,r-"pri .a signal s- is improved by su.perp.osing i t  with

a constant coherenr 
"pti*r 

lig"ir i proiu."d by a so-called local oscillator' since

pi t i tSt, the optical intensity  ̂ F1 registered by the detector '

F ,  =  ( S  +  L \ '  -  L 2  =  5 2  ' t 2 S L  x 2 S L '

isseentobea large lyampl i f iedmeasureof thes igna lampl i tude 'ByYuenandShap i ro

[8] a quantum mechanical analysis of this e.xperiment has been given for incoming

monochromatic signal state lr ls) '  They found the probabil i ty distr ibution

p(f i)df '  = (r/sl  Mr(dfr) l{s)

o[ the detected inrensity .F1 according to

M,(dFr)  = oo,  l :dq 
) (1"  -  q) ls) (s l ,

Here {f q) (qldq} is the spectral representation of the self-adjoint operator a = 
k91

trr).  a being the annihi iar ion operator. I t  is clear from these equations that {Mr(d]?l)}

is not a projecl ion uulu. i  -"^u'e, although in this experiment i t  is related to ooe in

accordat rce  rv i th  ( l ) .

i t  is iurerestrng ro notice that by changing the phase relat ion between signal and

local osci l lator beanrs, us indicated i , .r  nig.3, uy r iz, the probabil i ty distr ibution of

formalism.
description
be able to

( r )

(2)
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the detected intensity, F2, takes the form

(tsl M2(dF) ltrs) ,
o t ,  

l :dp  
p(Fz-  p ) lp )  (p l ,

.,.,(_H)I
I---_

. / r ( ' v - r  -  l )

Here {fp) (pl dp} is the spectral representation of the operator P = j i@ - cl), com-

plementary with Q. Once again the measurement results do no[ correspond directly
wi th a PVM but  wi th a POVM.

3. Nonideal Measurements

3.1. Nonitleal Measuremenl of Dirac-uon Neumann Obsentables

If measurement outcomes are described by a POVM that is not a PVIv{, there

need not be any relat ion wilh a Dirac-von Neumann observable at al l .  In certain spe-

cial cases, l ike the optical homodyning experiments discussed in Sec' 2.2, however, such

a relat ion turns out to exist (cf.  Eq. (1)).  Taking expectat ion values in the left  and

right hand sides of this equali ty shows that the probabil i ty distr ibution Trp,4/1 (df1 ) is

a convolut ion of the probabil i ty distr ibution (qlplq) of the posit ion operator Q with a

Gaussian function. Evidently, the homodyning experiment does not yield ideci infor-

mation on the posit ion probabil i ty, although, for instance, i ts mean value is reproduced
correctly for any p. For this reason the homodyning experiment of Fig. 2 can be in-
terpreted a.s a nonideal measurement of the Dirac-von Neumann position observable.

Analogously, the measurement arrangement of Fig. 3 is a nonideal measurement of

momentum P.

lr{ore generally, we shall say that a measuremeot procedure is a nonideal measure-

ment of the Dirac-von Neumann observable with PVM {F'(dl) i  i f  i ts POVM {LI(dp)\

Figure 3: Optical homodyning as a mecurement of P

p(Fz)dFz =

M2(dF2) =

p(Fz - p) =
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i s  l c l a t ed  t o  { l l  ( d , \ ) }  acco rc l i r t g  t o

lbl  auy state functiorr lvr)
t lcviat iolr

\ 1 { , a t ( l y r ) i  l :  l t l  
( . 1 / ( . i 1 ) )  -

of  the  p lobab i l i t ) '  d is t r i l )u t io r r  gcr te ta ted  by  i .1 / (dp

^(  t ,11(dp) )  )  >  A( { I ' (d . \ ) } ) .

W.ltl. de ltluvnck and H. lvlartens

: 0 , lA l l ' )

I t  rvas plr ivcn i l  [ i0] that, on this del init ion, the standard

xt ( t tp)  = 
lnuk lu, . \ ) f ' (d) ) ,  s f t t t , , ) ) ' -0 ,  l rs@p,) ' )  

:1 '  (3)

l , ' r .<. irrr t l r is i t  is easi ly secn that a necessary condit ion for the POVM {M(dp)} to

Lr- ' l iLcscrrt a rrott i t ieal t treastrretnertt  of tLe PVlr{ {1' ](d' \)} is [ 'el(dp)' I ' (d' \) ]-  :0'  With

II  (d 1t) : 'h s p 1(11 Bld) @ v)U, LI :  exp(- i  i l ' I '  I  h),

i t  [ t , l lorvs that this condit iorr is satisf ied i f  t l te l larni l tonian 11 describing the rnea-

s r r r t , i l re r r t  i r r te rac t ion  co l ] r r r ru tes  w i th  thc  PVIv I  {F(d} ) } ,  t t rus  y ie ld ing  an  ope la t iona l

cr i t t ' r ' iorr for clevisi lrg sttcl t  a tncasurcl l lel t t  pLoctldure'

.1.! .  [ 'urt iul  Otdering ol Obseruables

11 the fol lowing we wil l  r l iscuss a genelal izecl notion of nonideal measuretnent

in  $ 'h i th  the  r ro r r idea l i t y  re la t io i l  (3 )  i s  app l ied  a lso  i f  {F (d . \ ) }  i s  zo t  a  PVM'  By

tSis . t : lat i61, t l re1, a palt ial  ordel ing is defirrcd on the set of genelal ized observables,

<oi lr lrarirrg rrrcasurerrrr:ut procetlurcs rvith lespect to their capacity of separating ob-

j, :ct .star,:J. ' l ' l rus, i f  {1. '( , i }) i  a: i ,d { l t I( t lp)\ ale trvo POVMs related according to the

r r , , r , i r lea l i t y  rc la t io r r  (3 ) ,  a r r< l  p1  a td  p .z  reprcse t t t  l r vo  ob jec t  s ta tcs ,  then

{ Trpl /i( r/) ) : l'rpz f'( rl) ) } - l'l't p 1 lrI (rl p) : Tr p, lt'l (d p')}'

sirrr:e t lrr :  convelse need not be tLue, in general {r(d))} has the larger state separation

<.a1rar. i t1,,  al<I.  tor this lcason, cal l  l ) i :  col lsi( lerecl to descl ibe the better measuretnent

c, l  l  he trvo.
l lefor.e 1rr<rccedirrg lvi t l r  l l re thr:oly c-rf  nonideal I t teasuretnents in the sense of the

tl ,r l i rr i t iorr ( i l ) ,  wr: f i rst rvant to rrrelt iort twti  erl terrtat ive approaches' The f irst one [9]

is l ,asr,<l ou tf ic t tatrrr ' ,r l  part, ial  ordt:r i trg A < B dcfined on the set of so-cal led effect

crlr t ,r 'atoLs ,.1, 0 < A < l .  l rr  this case .4 is sait l  to t 'epresent a neasure[Ient of B, t l te

l i t t" t  l reing t lre less ir i folruatiVe one. A secottcl  approach is based on t l te requirement

,f  rrnl, iascdness. to thc e{fcct that the POVN{ U\I(dP)} is thought to represent a

lreasuLcntettt  of the l) ir ' ;Lc vott Nr:url tatt tr  observable '4 i f

(,i,tf,,lrl. i,,;11') r 4 l

(lruurt)'
)) satisf ies the inequali ty



Figure 4: Representation of a pOVM

This.might be interpreted as a smearing of the ideal probabil i ty distr ibution represented
!y 

the. PVM {r '(d))} due to a disturbing inf luence of the meas'rement procedure.
Note, however, that our.definit ion (3) of ionideal i ty does not require unbiased'ess.
Neither- is (4) always satisf ied in real ist ic experiments even i f  a Dirac-von Neumann
observable can be defined.

. R,elurning to the ordering based on our nonideal i ty definit ion, we define equiva-lence of PovMs as foilows. Two povMs {M(dA)} ""a irulal11 
-*. 

,qulrorcnt it tr'.,yare each other's nonideal measurements, i .e.,  
'
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M(d^) = 
lrs@\,r)N(dp), s(i l , / ,) > o, s ( i l ,  p )  =  1 ,

and

N(dp)  = [ .  o@r,^)M(d^) ,  h(dp,) , )  >  0,  I  nror , ) )  :  r .J A  J M

As an example ,  cons ider the  pOVMs 
{Mr ,Mr}  and {N1, / / r ,Nr } ,  bo th  hav ing  a  d iscrete spectrum, and satisfying

(Y,)o(o(,

(y,) (; ;i) (il)
(r') = (';"i)

Equivalent POVMs have- equal state separation capacities.
A-.POVM {M(d^))..". .  b: represented by a cone I i  JM(,t^)}) in rhe Banaclrspace of bo'nded op"rutoT,11,. l  l r  (cf.  Fig. 4). I f  i ,ovM {r1(d,\)} ' re;;Jr"nr. u no.idearmeasurement of pOVM {w(ap)} rhis nreans that 1rl({N()plii j i l l l,M(d))}) (cf.Fig. 5). In case of equivalence we have 1(({/V(dp)})' : ' i<(irtaiji i. ' rntuitiu"ty,the information conveyed by a measure-"nii, ti," ,,'or" opti*ur'thJ iider the conespanned by the operators of its POVM.
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J . S . , l l u t i n r a l  P O V l v l s

A POVM 1II(dp)] is maximal i f  the existence of a POVM {/V(d))} satisfying

lt [(dp) = s(dp, \) > o, I,s(dv, \) = r,

i rnpl ies equivalence of lM(dp)\ and {/{(df)}.  Hence, the cone of a maximal POVM
canrrot be included in a st i l l  wider cone. I t  is not dif f icult  to see that the PVM of
a rnaximal Dirac-von Neumann observable is maximal in the sense defined above.

Thus, the PVM {l /-} = lE^}, E^ = lml (ml a l-dimensional project ion operator on
harmonic osci l lator eigenstate lm), is a maxirrral POVM. However, the set of maximal
POVNts is rnuch wider than the set of maximal PVMs. I t  was possible [12] to prove

rigorously that on finite-dimensional llilbert spaces a necessary and sufficient condition
for a POVM {rV^}, having a discrete spectrum, to be maximal is that

II^ = 6^f ^, 0 ( c- S l ,  E^ a l-dimensional project ion operator.

I t  is not dif f icult  to f ind examples of such maximal POVMs in which the project ion
operators E- do not commute for different values of rn. Although not rigorously proven

it nray safely be conjectured that the POVI\ '{  {T l t)  ("1}, l")  a coherent state, is
rnaximal. I t  is interesting to note that, from the point of view of maximali ty as defined
above, there is no difference between orthogonal and nonorthogonal resolutions of the

ider r t i t y .
By Ludwig [{} an alternative notion of nonideal i ty is considered for measurement

prcrcedures, leading to a dif ferent sense in which these procedures are ordered. In
Ludwig's approacir nonideal ureasurenrents are represented by convex combinations

{.\ ,Ur + ( l  - . \)Nr}, 0 < } S 1 of the POVIr{s {,111i and {/t ' r} .  The optimal elements
of this ordering are now takcn as the extrenial elernents of the convex set thus obtained.

Drarvbacks oi lhis approaclt are:

l;Uu,.\)r{(d}),

H t

Figure 5: Representation of a nonideality relation
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r On the one hand the possibi l i ty of convex combination of POVMs is too restr icted
because only POVMs having the same spectra can be combined in this way.

o On the other hand the possibi l i ty of convex combination is too l iberal because
any pair of PovMs having equal spectra can be combined, even pairs lacking any
physical relat ion as to their physical meaning ( l ike, e.g., posit ion and momentum).

o There is no relat ion to information content: a PVM {86} may contain mult idi-
mensional projectors and nevertheiess be extremal in the sense of the convexity
approach.

4. Information and General ized Quantum Mechanics

1.1. Itformational (In)Completeness ol Marimal pOVMs

As is well  known in classical mechanics there is one unique maximal measure on
phase space, viz.,

{M- , (b ) }  =  {6 (u ' - . )d -1  ,  a , ,u  €  phase space,

yielding complete information on the (stat ist ical) state of the object. Any measurement
yielding more coarse-grained information is a nonideal measurement ol this maximal
observable.

In the quantum mechanics of Dirac and von Neumann the situation is quite dif-
ferent- Jf-{46} *d {9,} are two incompat, ible complete orrhonormal sets of funcrions,
then {46} :  {1".) (a1l} and {f i}  = { lp,)(fr l}  are borh maximal pVlr ls. Their expec-
tat ion values, however, only contain part ial  information on the quantum mechanical
state functicn, the information of the PVlvls moreover being inequivalent because of
incompatibility. Bohr's complementarity principle has largel! coniributed to the idea
that this is the essential difference between classical und quuntum mechanics: on rnea-
suring one observable the other ( incompatible) one must be disturbed so as to wipe
out information on the latter observable. For this reason i t  should be impossible io
obtain complele information on the quantum mechanical state function by rleans of
the measurement of a single observable.

It seems that this difference between classical mechanics and quantum rnechan-
ics becomes less essential when the possibi l i ty is taken into account of measureme'r
91919dures described by Povlvls. For insta'ce, as is well  known the maxirnal povN{
tT l") (al,}  yields cornplete information on the state function. Hence, i f  i t  rvould be
possible to f ind a measurement procedure described by this povlvl,  this procedure
would consti tute a complete measurement in this sense. I t  rvas demonstrate<1 b-v Busch
[13] that such complete measulements are actual ly possible. In the fol lorving rve rvi l l
discuss a quantum optical measurernent procedule that is alreacly rvidely used i1 actuai
practice, satisfying this completeness cri terion.

It  is clear from this that the theorl '  of gerreral ized observables describes a lvoe of
measurements essential ly dif ferent from the ones described by the Dirac-uon N"u,r.un,,
formalism.
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4. 'J. . .1 l l l t :usure of Noni<leal i ty

lrr this section we wil l  rcstr ict ourselves to f ini te-dirnensional I{ i lbert spaces and
li tr i tc spcctla. A gerrelal izat ion to irrf ini te cl isclete spectra seems to be straightforward;
cottt i t tuotrs spcctra tnay need rnore solrhist icatcd rnathenratical methods. For simplici ty
rve slral l  also rest.r ict to nonideal ureasulenrents of maximal PVMs. Let lM^,\! ' ,=,
rt- :preserrt a lorr ideal measul 'enrerrt of t |e nraxirnal PVM {Z'-}f l=r. Then

N N '
i l  t '  \  n  \ -
. r r , , , '  :  

L  ! J , n , , , . t ' - , , , ,  g , , , , t a  2  u .  ) _  g m , n t :  I

? ] i  =  I  r n t = l

. \s i t  t t tei tsute of nonideal i ty of the nonideal i ty matrix (g*'^) u nunrber of quanti t ies
t r l t :  r rs r : fu l ,  l i ke  e .g . ,  S i ranr ro r r ' s  t : l raur rc l  c i rpac i ty  [14 ] ,  be ing  a  r reasure  fo r  the  qua l i t y
<,f a t tartstt t issiott  cl tarrel artak.,gous to the orre obtained in a nonideal measurement.
l i ;L oul l) l l fJ)ose the avelagc rorv errt lol-r1,

J\o): -#,-,I".r'.'* ^r#h, (6)

of  t l rc  rna t r i x  (9 , , , , , , ) i ,  n r ( ) r ' c  su i ta l ) le .  l t  Ias  the  fo l low ing  proper t ies  [12 ,  14 ] :

o  0  ( , / , r 1  (  l o g N ,  i f  l ' <  A ' ,  l " e #  S  J 1 r 1  (  l o g N ,  i f  N  >  N , ;

.  J \oJ  :  0  i [  g , , , , , , ,  :  6n . , , , ,1

1 J1L) - l , ,g r\  i f  lJ,, ' , , ,  = i t , i

r  l f  (y )  a r rd  ( i I )  a le  s tochas t ic  matL ices ,  sa t is fy ing  the  cond i t ions  rnent ioned in  (5 ) ,
t l tcrr "/11,r1 ) ' '11r1

Ilcrrte, this qrranti t5'  bcc<.rrtres larger as thc nreasuLeurent becontes rnore nonideal in the
settsc of bltr l l ing infot ' t t tat iou by al loivirrg rntrre iuteractiorr between the channels.

5. Joint lVleasurertrent of Inconrpatible Observables

.5.1. DtJirt i t ' iorts

\\ tr  slral l  f i lst r lef irre torttrnensuro.bi l j ly of trvo observables, i .e.,  specify condit ions
trrrt let u' lr iclr  t*,o observal; les catt be rt teasuled joi l t ly. Dssential is that a measurement
s t l  r r1 r ,  ach iev i r rg  th is ,  ru t rs t  have 1u ,o  po i r r te ls ,  o r re  fo l  each observab le .  The jo in t

l r lo l ,ab i l i t y  d is t l ib r r t ion  o f  t l re  t rv<- r  po i l te ls  rnus t  be  spec i f ied  by  a  b ivar ia te  POVM.
IIr:rrcr. ' ,  l ' t :  ar l ive at tLc fol lorvirrg dcfirr i t ion:
The observab les  represented  by  POVMs { r11(d ! ) i  and {N(dru) i  a re  commensurab le  i f  a
measurement  se tup  ex is ts ,  the  probab i l i t ies  o f  wh ich  are  de termined by  the  b ivar ia te  POVM

l l l ( , 1 1 , . , 1 r , 1 ) ,  s a t i s f y i n 1  
,

I I ( d p ) :  R ( d p ,  
J d v ) ,

(5 )
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Figure 6: Joint nonideal measurement of two polarization observables

N(dv)  =

The fol lowing theorem was proven [15, 16]:
l f  {M(dp) l  and {N(dz) }  a re  commensurab le  PVMs,  then

Iu(dp),N(dv) l-  = s.

As follows from this theorem, observables represented by inconrpatible trvl\,Is
cannotbecommensurab le .  Th iscor respondswi th the i rnposs ib i l i t yo f  rneasur ing jo in t l y
( 'simultaneously') incompatible observables as a well-known consequence of the Dirac
von Neumann formalism of quanturn mechanics.

It  turns out that the general izat ion of the formalism to enconrpass observables
being described by POVMs can make use of the fact that such general ized observables
can be commensurable without commutativi ty of the pOVlr,{s. Nlore specif ical ly, t le
commensurable POVMs may descl ibe nonideal measurcntents of incompatirr le Dirac
von Neumann observables. This can be summalized in the fol lowing r ief ini t ion of a
joint nonid,eal nteasurement:
The observab les  descr ibed by  PoVMs lu@p) l  and {N(dr , ) }  a re  jo in t l y  non idea i l y  mea-
surab le  i f  a  measurement  se tup  ex is ts  hav ing  a  b ivar ia te  povM 

{ f i ( r / / r ,  dz ) } ,  sa t is fy ing :

In the fol lowing subsections we shal l  describe examples of nonideal measuremelts in
wh ich  {M(dp) }  and {N@u)}  a re  PVMs.

5.2. Joint Measurement of Incompatible Polarization Obseruables

By the measurement setup of Fig. 6 two incompatible polarization observables
of a photon are measured joint ly in the sense described in Sec. 5.1. The ser,up consrsls
of a beam spl i t ter with transmission probabil i ty 7, and polarizers in direct ions d1 and

a1la1,, a,1

R(d,p, ldv) 
= 

l , , i ldr, u')M(dp'), g(dp, p') > o, g(ldr,,t ,) :  t ,

R(lar,ar) = 
Irh(tu,u')N(dv'), h(du,r,) > 0, n1lar,r,1= t. (T)
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02 in each of the two outgoing beams, respectively. We shall denote the observables of

polar. izat ion in t l iLections d 1 an<l 02 as {E+,8- } and {F*, P-}, respectively. Detectors

i), u,,,1 I)2 constitute the two pointers necessary for the setup to perform a joint

rueasuLernelt o[ t lvo observables. Denoting the event of detecting an incoming photon

by f,  an<l a fai l trre by -,  the joint detection probabil i ty distr ibution Pmttn,ft  = . ]-  or

-,  can easi ly be found accolding to

P + +  : 0 ,

P + - = 1 ( E + ) ,

p - +  =  ( 1  -  r )  ( F + ) ,

p - -  =  r -  I  ( E + )  -  ( t  -  r ) ( r + ) .

I lere the expectat ion values are taken in the init ial  ( incoming) state of the photon.
' the POVlvl {r?-"} describing the experiment now fol lows direct ly from

P-^ = (.R-') '

y ie ld ing

(R-") = (,, -or,o- | - 1E*1:i- ?)r. ) 
(8)

I t  is straightforward to calculate the marginals of the matrix (f t-").  Ttt"te can be

writ ten doivn in matrix notat ion according to

l ividerrt ly this plecisely

{ C * ,  E - i  a n d  i F 1 , F - } .

nonideal measurement of

5.J. L'our-Port optical f [ornorlyning os a Joinl Nonideal Measurement otQ and P

l1 the four'-port lroutodytr i lg settrp the two homodyning setups discussed in

St : t : . .1 .2  a re  cor r rb inc t l  iu  the  rvay  ex l i ib i ted  in  F ig .7 ,  l ,e1  a l rd  e2  be ing  t ransmis-

siol pr.ol labi l i t ies of scrni-t ,ransparent nrir lols. The joint plobabil i ty distr ibution of the

t\vo outpu! iutcrrsit ies f i  arrd f ' t  is given by [8]

p( J  I -  t , , l  F. )  = (  q5 l i?(d l -1,  dFr)  l /s) '

(3:f::)=(,1., l)(3:)'
(3:fi::)=(';'?)(;:)

satisf ies the definit ion (7) of a joint

, | F , JF ,  r  d28
fi{ if r, Jl i ) = :-: '  :- '  t --

"v r ( , - . - :2X t - ) l  
' r "
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Figure ?: Four-port oplical homodyning as ajoint nonideal mesurement of Q and P

Here lB) is a coherent state. Calculating the two marginals of the bivariate POVM

{R(dn,dF2)} we f ind

R@F,,l:dF2) = or, I:d,t gu., - q)ls)(ql,

n1l- ar,,arr) = dFz l_* h(Fz - p)lp) (pl ,

(e)

( 1 0 )

with:

s(F, - il= #"-o (-(4#) , ot= n:; 
- ', (u)

,r(r,- r)=#",.r(-! t#) ,rt=*- '  (r2)
Once again we have a joint nonideal measurement of two incompatible observables,
viz., the observables Q and P defined in Sec. 2.2.

6. Complementari ty

6.1. Examples

The two nonideali ty matrices

rvr= (, 1, ?) ,  ,0, = ( ' l '  l )  ( ,3)

of Sec. 5.2 for the measurement of polarization observables in direct ions 01 and d2,
respectively, have a complementary behavior in the sense that their dependence on the
parameter 1 is opposite. Thus, in ihe l imit "y = I we have

(,) = (; ?), (o)= (??), ( 1 1 )

Y €
2

e LlZ
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irrr lr lying t lre 1r<-r lal izat iol l  nreasulelr)etrt  in di lect ion d1 to be an ideal one' I lowever,

i r r  lh is  l i rn i t  the  o lhe l  l ta rg ina l  te t i t t ces  to  the  POVM {0 , / } .  t lence,  as  i s  a lso  to

bt: r :xpcctet l  front the fact tLat in this l imit no photons reach the polarizer d2, no

ir i [ trr .r trat. iorr is oLtaitred about the polal izat iolr observable in this latter direct ion'

In  the  l i r r r i t  J  :  0  we ge t

(,) : (; l)
l lsrrcc, irr  t l r is l i rnit  i t  is just t tr t :  ot lrel rvay alound: the polarization measurement in

r l i r . t '<.t iorr 02 is ir lcal,  wheleas the ot irer oue is utr infot 'mative. Tlte two l imits evidently

t. t ,r 'Llspoltd u, i t I  trvo rnrrtual ly excludirrg rt ieasuretuertt  arrangemertts of two incompati-

l , l t ,  l ) i la<: von Nr:rrrr)arlrr observables, irr  rvhich inforrnation on t l te other, incompatible,

t ,r t ' is wi1.rt : t l  out <:otttpltr telS'.  I"ol intcrrt tediate valucs of 'y, satisfying 0 < 7 < 1, in-

ft ,r .rrrat i<.,1 is o|t .ai1ccl <tn bolh obselvables, information on one observable being rnore

r1.t. t :r . ior.atecl as infolruat. iorr on the other one is of higher qual i ty. This can be inter-

lrr.ctc<l as a lrutrral t l is lurbauce irr the joint measutettrent of irrcompatible observables:

eyit lcrrt l l , the quali ty of ir lblrnation on orre observable is inf luenced irr a negative sense

|1,t lre 1rrgr.n.. ,  of l ,hr: palt  of t l te tr leasutetttett t  arrangement that is rtecessary for

o l r ta i r r i r rg  i r r fo t t t ta t io t t  o t t  t l t c  o t , l te r  obsetvab le .

{ lsirrg the nreasule of rrorr ideal i t f  i rr t l t- iduced in Sec. 4.2 this notion of complemen-

ta l i t y  ca l  l r r :  g ive l  a  < luant i ta t i ve  express ion .  App ly ing  (6 )  to  the  non idea l i t y  n ta t r i ces

(  I i J )  rvc  o l r t t r in

(,) : (l l),

v,, ,  :  l t t ,  
-  1) log(2 -  ' /  )  -  (  I  -  1) log( I  -  1)1,

; , n ;  :  | 1 1 t + r ) I . , e ( l + 7 ) - r l o s ? } ,  
o < l <  1

[ . ) l i rn ina t i r rg  1  f iom (15)  and ( i6 )  rve  ob ta in  the  graph dep ic ted  in  F ig .8 .  I t  i s  eas i l y

sr 'crr t l r i r t  the rrol i t- lcal i ty t t leastl l 'us Jlr i  alrcl  11r,,1 satisfy the inequali ty

'1101 -f Jp; > log 2.

l i lorrr this lr :srr l t  i t  is <: l t :ar t l tal  J1r1 : Jt l)  :  0 is inrpossible, once rnore expressing

t. lr , '  facrt t l rat the irrcorupi t i l r le l iolarization obsetvablcs cartt toL both be lneasured in an

i r l t ' i r l  r va l '  by  th is  l r t cas t t rc l t t t : t t t  a r ta l tgc t t tc t t t .

\ \ l i t l r  resp t : r : t  to  ( ( ) rnp lc l r le l r ta r i t , l ' the  s i tua t io r r  in  the  four -por t  hornodyn ing  ex-

ar r r l rk :  o f  Scc .  5 . i l  i s  cornp le te ly  ana logous.  
' l ' ak i lg  the  l i rn i t ' I :0 ,  e r  :  l ,  the  non ide-

a l i t l '  f r r r r r : t io r rs  ( l  1 )  a r r t l  (12)  r 'educc  t , r r

s (L ' r  -  q )  :  o ( l ' l  -  q ) ,  hU"z  -  P)  :  0 '

rrraking t l ie Q rneasr.rrcrnclt  idcal,  autl  the P tt teasrtL<'r lent uniuformative. On the

o t l r t l  l i a n t l ,  i r r  t h e  l i t r r i t  l :  1 ,  e z :  I  t v e  g e t

s( l \  *  , ;  =  t ) ,  h( t ]z  -  P)  = 6(Fz *  P) ,

(  r c ,

( 1 6 )
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o.4

{r,
Figure 8: Complementarity in the joint nonideal measurement of two polarization obse'vables

thus realizing the complementary measurement setup in which the Q measurement
is uninformative, and the P measurement ideal. Once again for intermediate values

of 'y the experiment yields information on both Q and P, although this information is
subject to a deteriorat ion due to the mutual disturbance induced by combining the two
measurement procedures of Sec. 2.2 in one single measurement arrangement. Since

it is clear that 61 = 6z = 0 is impossible. Hence, also here the measurement arrangernent
does not allow an ideal measurement of both incompatible observables.

6.2. A General Inequali ty

In [6] the following theorem was rigorously proven:
l f  {R-"} describes a joint nonideal measurement of two observables represented by PVMs

{M^}  and {N" }  on  a  { in i te -d imens iona l  H i lber t  space,  i .e . ,

T " - "  
:L9^^ ,M^, t  g^n , )  0 ,  !9 ,^^ ,  :  i ,

*r^" 
= 

Po"^,"",, 
i '^, ) g, 

Pr"", 
- t ,

and { r1  i s  the  non idea l i t y  measure  de f ined by  (6 )  (and ana logous ly  fo r  (h ) ) ,  then

J61 * J1t1 ) - log{max^,"T.M*N"}. ( 1 7 )

The proof of this theorem follows straightforwardly from the inequality

HW^lk) + fltrv"t(p) ) -log(max^,"Trir '- lv"),

found by Maassen and uffink [17] for the entropy functions uoulb) und 1/try"}(p)
defined by

Hw^tb) = -I @,lpl^,)tog(m,lplm,)

{rl
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(arrd artalogously for. {N"}) '  I{ere { lrn') } . is.the comPlete orthonormal set of state

frurct iorrs correspolrdrlrg * i i t t  ot"" 'uJle' l ' i lL^\ 'und p. is,1 d""t i t l : Irator satisfYing

,frp = l. 
,lhe proof is based on the fact that tire nonideality measure is related to the

eulr '<-rpy furrct ion according to

,l.lre., because of t5e corrvexity of the entropy function, the following inequality can

easi ly be derived:

.4,,= iT,t,T ft^*)rr*^,s(p'-^"ffi) - ;f{r'R-")r{"-} (#)'

in rvhiclr r,nn = TtR^niT'D^'8,^' ' '  Since.for. Jlrr; an analogo-us ineqlality holds' the

i\laasserr {Jffi 'k i 'equali;;;Jr ;;; be applied rirl i*htfot*n.tdly to yield (17)' Hence'

if the sets {lrn)} and f f"il'ft"*lt 'iott'ft'nttio" i"n to'n*on' we have TrM-N" < I

for all nr, n and J1r1 * J1r,1 > 0'

If Trr!'1*N,, = r r.,ti'"*" 'tl- and N'' then the inequality (17) is-fulfilled trivially

and docs nol yield any information on the *"u'u'"*"nt process' In this case it is

possible, Itorvever, t. 'h";;;;'il; il-"tl'"[l{.tl the following wav' Let {Gii be a PVM

rlef i.g tlte corttnion ",;;;t;tt* 
of t ire PVlr4s {r!1*} and {N"}' Thut'

[G;,.4/-l- : [Ci, 'V"]- = 0'

' l 'hen it is possible to prove the inequality [6]

J1r1* J1r ,1 > f  ( r ,Gi) ' i ,  (18)

2 . . 1  I
,, = -fr log[i + lmax-,^llM^N"G'll] '

. l . l r is r lernorrstratcs that the inequali ty ( lB) is nontr ivial as long as not al l  operators

i l / , , ,  cottt l t t t t te with al l  ;V"'

T . C o n n e c t i o n w i t l r t h e H e i s e r r b e r g U l r c e r t a i r r t y R e l a t i o n s

'fhe i t lca,rf  cottrplernerttari ty as bei lrg related to a mutual disturbance in the

slt I Iultal leotls , ' ' "o,u,. , , ' . , . t  . , |  i l rcclrrr l lat ible observables has been investigated already

l rV IJ0hr  and I le iser rbe .g- i , t t t t " i .  d ' i . c , rss io r rs  o f  the  two-s l i t  exper iment  and the  1

' , , t , , , . , " . , r *^ f tS , -  f  S1-  
' i f ' I  tes ' l t s  o6 t i r i t ted  i .  lhe  prev ious  sec t ions  are  comple te ly  in

at.c:oLtlarrce rvith the .o,r.r, ,r i . , , , ,  reacrrerr lry Bohr and l{eisenberg. The inequali t ies

(1?)  a r rd  (1u)  y ie t t t  p " r i " . i , r " r . r ip r io r rs  o i  the .ur rcer ta in ty  p r inc ip le  as  i l l us t ra ted ,  e 'g ' ,

l , r . I l c i s c r r b e r ' g s j l r t l c l o s c o l l e . T l r c e x a t t l p l e s d i s c u s s e d i r r S e c s . 5 a n d 6 a r e o f t h e s a m e
t  \  I ) C .

.r,,, = i T(t.P 
6^"1fl1nr-r ( f. /l-"

Tr D^ 8-"
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I t  is rather general ly accepted (e.g. Merzbacher [20]) that complementari ty as

discussed here is taken inlo account within the forrnal ism of quantum rnechanics by
the (Heisenberg) uncertainty relat ions

^AAB> | l ( to ,at_)1,

(AA)2 = Trp(A - (A))'?, (A.B)'? -- Trp(B - (B))'

( l e )

(20)

Yet, this interpretat ion was chal lenged by Ballentine [7],  who objected that the in-
equality (19) does not refer to the joint measurement of observables ,4 and 8, but can
be tested by measuring A and, B separately. Indeed, the standard deviations (20) are
calculated using the projection valued nteasures generated by the spectral representa-
t ions of the self-adjoint operators A and B. No disturbance or nonideal i ty seems to
be involved in the measurement if the observables are maximal. For this reason our
theory seems to endorse Ballentine's idea that the (Heisenberg) uncertainty relat ions
(19) refer to the object rather than to the measurement, and just express the irnpos-
sibility of preparing a quantum mechanical ensemble that is dispersionless in both of
two incompatible (Dirac-von Neumann) observables. Hence, the Heisenberg inequal-
i t ies refer to joint preparation rather than to the joint measurement of inconipatible
quanti t ies.

According to Ballentine quantum mechanics has nothing to say about the joint
measurement of incompatible observables. As we have seen this judgment is too pes-
simist ic, although understandable because i t  is based on the restr icted Dirac-von Neu-
mann formalism. As we have seen, the generalized formalism of POVIr{s con describe
joint nonideal measurements of incornpatible observables. The inequali t ies (17) and
(18) are expressions of complementari ty and mutual disturbance in the joint measure-
ment of incompatible observables. I t  is interesting to notice that these inequali t ies refer
in an unambiguous way to the measurement onlg, since they are complelely indepen-
dent of the density operator. Hence, they do not refer in any way to state preparation,
but exhibit  propert ies of the measurement. Since lhe Heisenberg inequali t ies refer to
both the density operator and the observables A and 8, we see that inequali t l ' (19) is
of a qual i tat ively dif ferent nature. I t  appears that the uncertainly pri lciple is actual ly
a twofold one, one for preparation described by, 

".g.,  
the I leisenberg inequali t l . ,  and one

for measurernerrt described by, e.g., the inequali ty (17). In rhe past this dist incrion has
seldom been made, an omission that can be att l ibrrted to a fai lure lo see the lest l ictet l
appl icabi l i ty of the Dirac-von Neumann folrnal isr l  t i f  quanturrr nrechauics.

E .  Wigner  Measures

The non idea l i t y  mat r ices  ( i3 )  can  be  inver ted ,  y ie ld ing

- ,  9)  ,  ( i - ' )  = ( ,
( t - r ) - '  o \
- ( l - r ) - ' l / ( 2 1 )
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( b  ) :

S i r r c e
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ruatr ices the fol luwirrg operators can be calculated from the POVM

trrrr: I s;,1,h;1?^^. (22)

f  s i l :  Tnt '  
:  ' '

t l rc  set  of  operators { t { /11} has the fo l lowing propel t ies:

- I

- F "

f tt'u, : 7i.

I ' )r , i tkrrrt ly t . l r t :  nralginals of t i re nratr ix ( l l , '11) definc the probabil i ty distr ibutions of the
trvrr olrst:r ' r 'al i les {L-1 . U-i and { l+,1':  i ,  rvlr iclr ,  cousequently, canbe calculated etactly
l l t ,rrr t l rc joirrt  plt . ibabi l i ty distf ibutiorr l) , , .?, defirred by {/ i-"}.  Because of (23) the set
(/ l  () l)clators { l{ '11 } <:trrrst i tutes an ol)erator valrted measure. This lTleasure wil l  be cal led
a l I ' i g r t t r ' t t r ( .us rL t ' ( . .  A t : t :o l t l i r rg  to  a  t l rec i lenr  t lue  to  Wigner  [21 ]nrcasures  sa t is fy ing  the
r r i r rg i r ra l i t5 ' r r la t io r rs  (2J)  a r rd  (25)  car r r ro t  b . :  l )OVNIs .  Indeed,  no t  a l l  opera tors  111161
, 1 , ' l i n t ' r l  l , y  ( 2 2 ) ,

I t l '^,

I rro,
I

(23)

(24)

(25)

It'+ \
|  _ r+ ) ,

a Ic  1 r< ; s i t i ve  ( ) l ) e l  a t o t s .

l ; ' o r  t he  [ o r r r  po l t  op t i ca l  l i o r r r o r l yn i r r g  r : xan rp l eo f  Scc .  5

a  W ig r r c l  l n casu rc  i r r  a  < :o r r r 1 - r l c t c l y  a r ra l t ; , g l r t r s  r r r au r re r .  I r r  t he

r r ' l a t i t , r r s  ( 1 ) )  a r r d  ( 1 0 )  t ' a n  b c  i n v c l t t : < I ,  y i c l t l i r r g

( 'y^,): ( i

t f

J J 
,L 'Q L1' t  t ,  ' (1,  l ' , \

,  |  , 2  r  \  r ,  |  1 2 . . t

{_ -  )  I  , t *  l "  , t t '  l "  "
\ . - . ! n /  J  ^  J . -  J  7 T

(26)

3 i t  is possible to calculate
f irst place the convolut ion

! t - , ( , t  - 1 . , )  -  :  [  
- , t t , # . t u , u - o , .

J l T  J  - . X ,

t , - ' !  t p  -  F , )  =  
*  |  _ ' ^ r o , l $ , ; * t ' - r ' t .

I ' \ 'orr r  th is rcsrr l t  i t  is  s l l r r ight f t i l rvalc l  to f ind the Wigner measure according to

l l ' ( c ,  p )  : It((l l1, d 1"2)

L 2  !  \ ' 2

l , i  )  ( , / l e ! a {  r ' I k t ' t - ' , / 1Rc0 t r i k ' b - r t t ^B l  
,

sat  i s fS ' i r rg

I  I  l t ' (q .  p)Jqi lp  = t .
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\U (q ,p )dp :  l q )  ( q l  ,

W( ,1 , i l , Lq :  l p ) (p l .

The operator valued measure {
abi l i ty distr ibution

yields for the state function l l ,)  the (quasi)prob-

Wlw(s,p) l , l ' ) , \ur l , (s+ i l 'N,k t -a) rT

This is the well-known Wigner distr ibution [22].
The four-port homodyning example is especial ly interesting because i t  fol loivs

that, at least in principle, from its results the Wigner distr ibution cart be calculated.

Since the Wigner distr ibution and the state function are inforniat ional ly equir ' :r lent, i t

fol lows that the state function lr l)  can be determined cornpletely by this nteastrretnettt .

Such measurements are cal led complete nteasurernents [13]. Since no f) ira<:- r ' t . in Neu-

mann observable can yield a complete deterutinatiorr of t l re state furtct ion, t l r is sl torvs

clearly the fundanrental inprovement in our rneasuretnertt  potelt ial  i rr  genelal izing to

measurernents described by POVN{s.
Not al l  such greasurements are complete nreasutetnents, l tolvever. 

' l ' l rus, the

joi l t  measuremerrt of polarization observables discussecl in Sec.5.2 is not c(r l l )Plt te.

From (8) i t  is seen that each operator '  .R,,, ,  is a l inear-combirrat ion of operators f toltr

lE+,8- \and{ l } , f . - } .  I lence, the jo in t rneasurerne l tdoesnot ; ' ie lc l ruo le i r r lb l r r ra t ion
than the joint inforrnation obtained by measuling each of these observables separately

(for this reason such ajoint nreasurenrent is cal lcd a tr iuiul joiut t t teasr:renrent). I t  is '

however, not dif f icult  to device also in the case of polal izat ion obselvables Ineasurcttt t l t t t

arrangements yielding cornplete information on the polarization state of a photon.
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