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ABSTRACT

The necessity is discussed of extending the Dirac-von Neumann axiomatization of
quantum mechanics to a representation of observables by positive operator valued mea-
sures. A partial ordering structure is defined, and a characterization is given of its
maximal elements. It is demonstrated that the extension of the formalism allows the
joint measurement of incompatible observables, and fully accounts for a mutual distur-
bance of the measurement results in such measurements. An inequality is presented,
illustrating this aspect of quantum mechanical complementarity. The qualitative dif-
ference of this inequality with the Heisenberg inequality is discussed. The notion of a
Wigner measure is introduced.

1. Introduction

Quantum mechanics is best known in its canonical formulation due to Dirac (1]
and von Neumann (2], which can be summarized as follows:

e A state preparation is described by a state function # or a density operator p.
e A measurement is represented by a self-adjoint operator A= [y AE(dN).

e The expectation value of the measurement outcomes is (A) = TrpA.

o The probability distribution of the measurement outcomes is p(A)dA=TrpE (dX).

o An observable corresponds with a projection valued measure (PVM), defined by
the spectral resolution {E(dA)} of the self-adjoint operator A, and satisfying:

E(d\) 20, E(ANE(N) = E(@d\)§(A - ), /A E(d)\) =T

In recent years, however, it has been realized [3-5] that the Dirac-von Neumann
axiomatization offers a too restricted scheme to encompass all measurements that are
possible within the domain of quantum mechanics, and that a generalization of this
scheme is necessary. The character of this generalization can be derived from a con-
sideration of the measurement process as a quantum mechanical process, in which the
interaction between object O and measuring instrument A is governed by a Schrodinger.
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equation in the following way. Let po and p4 be the initial density operators of ob-
ject and measuring instrument, respectively, and let U represent the unitary operator
describing the interaction, then the final state py is given by

pr=Upo ®pal".

If it is the variable characterizing the final pointer positions of the measuring instru-
went, and {E¢(du)} is the PVM corresponding with these pointer states, then the
pointer state probabilities are given by

pldp) = Trp; EM(dp) = TropoTrapaU' M (dp)U.
The sct of operators {M(dp)}, defined by
pldp) = TropoTrapsUTEM (du)U = Tropo M(dp),

cousists of the operators describing the relative frequencies of the measurement results
of the experiment. It must be compared with the spectral representation {E(dM)},
which in the Dirac-von Neumann axiomatization plays this role. In general the oper-
ators M(dp) are not projection operators. They only satisfy

M(dp) > 0, /M M(dp) = 1.

It was proven by Holevo [5] that any probability distribution on the set M of
pointer positions g can be represented by the expectation values of the operators
M(dy). The operators M(du) are said to define a positive operator valued measure
(POVM). Quantum mechanical observables satisfying the Dirac-von Neumann axiom-
alization, being represented by PVMs, evidently constitute a subclass of the general
class of observables represented by POVMs.

In this contribution we shall first give two examples of measurements needing the
generalized formalism for their description. A condition is given for the observable to
be related to an observable of the Dirac-von Neumann type. This relation in a natural
way gives rise to a definition of a nonideal measurement of an observable, inducing a
partial ordering relation on the set of generalized observables. This ordering relation is
compared with other ordering definitions that can be found in literature. A quantitative
measure is given, expressing a measurement’s deviation from ideality. The maximal
elements of the ordering turn out to encompass a larger class of observables than the
maximal Dirac-von Neumann ones. A characterization of these maximal elements leads
to a unified view of orthogonal and nonorthogonal resolutions of the identity.

As an interesting application of the theory of generalized observables the joint
nonideal measurement is discussed of observables that are incompatible in the Dirac~
von Neumann sense. Two examples are discussed, demonstrating the possibility of
such measurements., and showing the failure of the Dirac-von Neumann formalism to
describe such measurements. Using the measure of nonideality introduced before, it is
possible to give a quantitative characterization of the inutual disturbance of measure-
uent resalts in such measurements as predicted by Bolir's complementarity principle.
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Figure 1: The two-slit experiment

For finite-dimensional Hilbert spaces a general inequality illustrating this complemen-
tarity was derived from the general formalism {6]. This inequality is compared with
Heisenberg’s inequality. Ballentine’s criticism [7] as to the latter inequality’s failure
to describe joint measurement of incompatible observables is endorsed and strength-
ened. Finally, the joint measurement POVM is shown to be related to an operator
valued (Wigner) measure, the expectation values of which defining a quasi-probability
distribution analogous to the Wigner distribution.

2. Examples of Generalized Measurements

2.1. The Two-Slit Ezperiment

The two-slit experiment can be formulated as a problem in a two-dimensional
Hilbert space as follows. Let ¥;, 1 = 1,2, be two solutions of the Schrédinger equation,
corresponding with a particle passing with certainty through slit «. Then, the elements
of the two-dimensional Hilbert space are given by

Y = ayy + .

The observable measured by this experiment is the position y at which the particle
impinges on the screen (cf. Fig. 1). The probability distribution p(y) is represented by
a sesquilinear functional

p(y) = lal’ pu(y) + o Bpia(y) + @B puly) + |8 puly)

on the two-dimensional Hilbert space. It defines a POVM {M(dy),—o00 < y < oo}
according to

p(y) = (¥ IM{y)]¥).

An important point to be noticed is that the observable measured in this experiment
has a continuous spectrum —oo < y < oo. Since no self-adjoint operators on a finite-
dimensional Hilbert space exist having a continuous spectrum, it follows that this
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Figure 2: Optical homodyning as a measurement of Q

experiment cannot be described by the conventional Dirac-ven Neumann formalism.
An extension of the concept of a quantum mechanical observable to a description
by positive operator valued measures is seen to be essential in order to be able to
encompass also this experiment.

2.2, Homodyne Optical Detection

As a second example consider homodyne optical detection (cf. Fig. 2), in which
the signal-to-noise ratio of an optical signal S is improved by superposing it with
a constant coherent optical signal L produced by a so-called local oscillator. Since
|L| > |5, the optical intensity F) registered by the detector,

F=(S+L)}-L"=8"+25L ~25L,

is seen to be a largely amplified measure of the signal amplitude. By Yuen and Shapiro
(8] a quantum mechanical analysis of this experiment has been given for incoming
monochromatic signal state |is). They found the probability distribution

p(F)dF = (bs| Mi(dFy) ¥s)

of the detected intensity F according to

My(dF) = dFy [ dg MF - )la)(al, 8
M - q) = e P @
"o - 1)

Here {|q) (g dg) is the spectral representation of the self-adjoint operator Q= 7‘-2-(0. +
a"), a being the annihilation operator. It is clear from these equations that {M,(dF1)}
is not a projection valued measure, although in this experiment it is related to one in
accordance with (1).

It is interesting to notice that by changing the phase relation between signal and
local oscillator beams, as indicated in Fig. 3, by 7/2, the probability distribution of
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Figure 3: Optical homodyning as a measurement of P

the detected intensity, /3, takes the form

P(F2)dFy = (5| Ma(dF2) [s) ,
My(dFy) = dF; [ dp w(F2 = p)lp) (ol
(B — P)2>
F,—p) = ————exp|———].
#(Fs =) r(y1-1) P( 7t -1
Here {|p) (p| dp} is the spectral representation of the operator P = :}%(a - a'), com-

plementary with Q. Once again the measurement results do not correspond directly
with a PVM but with a POVM.

3. Nonideal Measurements
3.1. Nonideal Measurement of Dirac-von Neumann Observables

If measurement outcomes are described by a POVM that is not a PVM, there
need not be any relation with a Dirac-von Neumann observable at all. In certain spe-
cial cases, like the optical homodyning experiments discussed in Sec. 2.2, however, such
a relation turns out to exist (cf. Eq. (1)). Taking expectation values in the left and
right hand sides of this equality shows that the probability distribution TrpAf; (dF}) is
a convolution of the probability distribution (g|p|q) of the position operator Q with a
Gaussian function. Evidently, the homodyning experiment does not yield ideal infor-
mation on the position probability, although, for instance, its mean value is reproduced
correctly for any p. For this reason the homodyning experiment of Fig. 2 can be in-
terpreted as a nonideal measurement of the Dirac-von Neumann position observable.
Analogously, the measurement arrangement of Fig. 3 is a nonideal measurement of
momentum #.

More generally, we shall say that a measurement procedure is a nonideal measure-

ment of the Dirac-von Neumann observable with PVM {F(d\)} if its POVM {M (du)}
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is related to {F(dA)} according to
Midp) = [ gl NN, gl ) 20, [ gl ) =1 ®)
A

From this it is easily seen that a necessary condition for the POVM {M(dp)} to
represent a nonideal measurement of the PVM {F(dA)} is [M(dy), F(dA)]. = 0. With

M(dp) = TrapaUNEW (dp)U, U = exp(~1HT/h),

it follows that this condition is satisfied if the Hamiltonian H describing the mea-
surcient interaction conunutes with the PVM {F(dA)}, thus yielding an operational
criterion for devising such a measurement procedure.

3.2, Partial Ordering of Observables

In the following we will discuss a generalized notion of nonideal measurement
in which the nonideality relation (3) is applied also if {F(dA)} is not a PVM. By
this relation, then, a partial ordering is defined on the set of generalized observables,
comparing measurement procedures with respect to their capacity of separating ob-
jeet states. Thus, if {F(d)\)} and {M(du)} are two POVMs related according to the

nonideality relation (3), and p; and p, represent two object states, then
{Trpy F(dN) = Trpy F(dA)} — {Tipy M (dp) = Trpa M(dup)}.

Since the converse need not be true, in general { F(dA)} has the larger state separation
capacity, and, for this reason, can be considered to describe the better measurement
of the two.

Before proceeding with the theory of nonideal measurements in the sense of the
definition (3), we first want to mention two alternative approaches. The first one [9]
is based on the natural partial ordering A < B defined on the set of so-called effect
operators A, 0 < A < [. Iu this case A is said to represent a measurement of B, the
latter being the less informative one. A second approach is based on the requirement
of unbiasedness, to the effect that the POVM {M(du)} is thought to represent a
measurement of the Dirac- von Neumann observable A if

(vl fratiaue ) = (11} (4)

for any state function |3). It was proven in (10} that, on this definition, the standard
deviation

2
A = [ (1) = { fudt(dn))
of the probability distribution generated by {M(dp)} satisfies the inequality

A({M(du)}) 2 A({F(dN)}).
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Figure 4. Representation of a POVM

This might be interpreted as a smearing of the ideal probability distribution represented
by the PVM {F(d)\)} due to a disturbing influence of the measurement procedure.
Note, however, that our definition (3) of nonideality does not require unbiasedness.
Neither is (4) always satisfied in realistic experiments even if a Dirac-von Neumann
observable can be defined.

Returning to the ordering based on our nonideality definition, we define equiva-
lence of POVMs as follows. Two POVMs {M(d))} and {N(dp)} are equivalent if they
are each other’s nonideal measurements, i.e.,

M) = [ g(dh )N (dg), g(dhp) 2 0, [otarm =1,

and

N(dp) =/Ah(dﬂ,A)M(dA), h(du, A) > 0, /M h(d,A) = 1.

As an example, consider the POVMs {M1, M3} and {N1, N3, N3}, both having a dis-
crete spectrum, and satisfying

N, a 0
(Nz) = (l—a 0) <Zl),0§a§1.
N 0 1 :
Equivalent POVMs have equal state separation capacities.

A POVM {M(d))} can be represented by a cone K({M(d)\)}) in the Banach
space of bounded operators [4, 11] (cf. Fig. 4). If POVM {M(d))} represents a nonideal
measurement of POVM {N(du)} this means that K({N(dp)}) 2 K({M(d))}) (cf.
Fig. 5). In case of equivalence we have K({N(dp)}) = K({M(d\)}). Intuitively,
the information conveyed by a measurement is the more optimal the wider the cone
spanned by the operators of its POVM.
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Figure 5: Representation of a nonideality relation

3.3. Mazimal POVMs

A POVM {M(dy)} is maximal if the existence of a POVM {N(d)A)} satisfying

Mdu) = [ gldi, V() g(dp, ) 2 0, /., atew 2 =1,

implies equivalence of {M(du)} and {N(dA)}. Hence, the cone of a maximal POVM
cannot be included in a still wider cone. It is not difficult to see that the PVM of
a maximal Dirac-von Neumann observable is maximal in the sense defined above.
Thus, the PVM {M,.} = {E.}, E. = |m) (m| a I-dimensional projection operator on
harmonic oscillator eigenstate |m), is a maximal POVM. However, the set of maximal
POVMs is much wider than the set of maximal PVMs. It was possible [12] to prove
rigorously that on finite-dimensional Hilbert spaces a necessary and sufficient condition
for a POVM { M.}, having a discrete spectrum, to be maximal is that

My =¢nEn, 0<ecn <1, E, al-dimensional projection operator.

It is not difficult to find examples of such maximal POVMs in which the projection
operators F,, do not commute for different values of m. Although not rigorously proven
it may safely be conjectured that the POVM {4:—“-]01) (al}, la) a coherent state, is
maximal. It is interesting to note that, from the point of view of maximality as defined
above, there is no difference between orthogonal and nonorthogonal resolutions of the
identity.

By Ludwig [4] an alternative notion of nonideality is considered for measurement
procedures, leading to a different sense in which these procedures are ordered. In
Ludwig’s approach nonideal measurements are represented by convex combinations
{AM + (1 = A)NG), 0 < A <1 of the POVMs {M,} and {N}. The optimal elements
of this ordering are now taken as the extremal elements of the convex set thus obtained.
Drawbacks of this approach are:
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¢ On the one hand the possibility of convex combination of POVMs is too restricted
because only POVMs having the same spectra can be combined in this way.

¢ On the other hand the possibility of convex combination is too liberal because
any pair of POVMs having equal spectra can be combined, even pairs lacking any
physical relation as to their physical meaning (like, e.g., position and momentum).

» There is no relation to information content: a PVM {E,} may contain multidi-
mensional projectors and nevertheless be extremal in the sense of the convexity
approach.

4. Information and Generalized Quantum Mechanics
4-1.  Informational (In)Completeness of Mazimal POVMs

As is well known in classical mechanics there is one unique maximal measure on
phase space, viz.,

{Mu(dw)} = {§(w' ~ w)dw}, W' ,w € phase space,

yielding complete information on the (statistical) state of the object. Any measurement
yielding more coarse-grained information is a nonideal measurement of this maximal
observable.

In the quantum mechanics of Dirac and von Neumann the situation is quite dif-
ferent. If {ax} and {8} are two incompatible complete orthonormal sets of functions,
then {Ex} = {|ax) (ax|} and {Fi} = {|8) (81|} are both maximal PVMs. Their expec-
tation values, however, only contain partial information on the quantum mechanical
state functicu, the information of the PVMs moreover being inequivalent because of
incompatibility. Bohr’s complementarity principle has largely contributed to the idea
that this is the essential difference between classical and quantum mechanics: on mea-
suring one observable the other (incompatible) one must be disturbed so as to wipe
out information on the latter observable. For this reason it should be impossible to
obtain complete information on the quantum mechanical state function by means of
the measurement of a single observable.

It seems that this difference between classical mechanics and quantum mechan-
ics becomes less essential when the possibility is taken into account of measurement
procedures described by POVMs. For instance, as is well known the maximal POV M
{i:—"‘- |a) (af} yields compiete information on the state function. Hence, if it would be
possible to find a measurement procedure described by this POVM, this procedure
would constitute a complete measurement in this sense. It was demonstrated by Busch
{13] that such complete measurements are actually possible. In the following we will
discuss a quantum optical measurement procedure that is already widely used in actual
practice, satisfying this completeness criterion.

It is clear from this that the theory of generalized observables describes a type of
measurements essentially different from the ones described by the Dirac-von Neumann
formalism.
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4.2, A Measure of Nonideality

In this section we will restrict ourselves to finite-dimensional Hilbert spaces and
finite spectra. A generalization to infinite discrete spectra seems to be straightforward,;
coutinuous spectra may need more sophisticated mathematical methods. For simplicity
we shall also restrict to nonideal measurements of maximal PVMs. Let {M,./}N,_,
represent a nonideal measurement of the maximal PVM {E,.}Y_,. Then

m=1-
N N’
My = Z Gmm By Garm 20, Z gmm = L. (5)
m=1 m!=1

As a measure of nonideality of the nonideality matrix (¢, ) a number of quantities
are useful, like e.g., Shannon’s channel capacity [14], being a measure for the quality
of a transmission channel analogous to the one obtained in a nonideal measurement.
For our purpose the average row entropy

1 gm’m
J 9y = T A7 Gintm lo 6
w N ,721 & Zl gmt ( )

of the mnatrix (g,,, ) is more suitable. It has the following properties [12, 14]:
¢ 0< Jyy Slog NN SN, log & < Jjy) < log N if N > N
o Sy =01 g = dpiin;
o Jiy) = log N if gom = 335
e If (g) and (k) are stochastic matrices, satisfying the conditions mentioned in (5),
then Sy 2 Jiyy.

Hence, this guantity becomes larger as the measurement becomes more nonideal in the
sense of blurring information by allowing more interaction between the channels.

5. Joint Measurement of Incompatible Observables
5.1.  Definitions

We shall first define comunensurability of two observables, i.e., specify conditions
under which two observables can be measured jointly. Essential is that a measurement
setup, achieving this, must have two pointers, one for each observable. The joint
probability distribution of the two pointers must be specified by a bivariate POVM.
Hence, we arrive at the following definition:

The observables represented by POVMs {Af(du)} and {N(dv)} are commensurable if a
measurement setup exists, the probabilities of which are determined by the bivariate POVM
{ R{dp, dv)}, satisfying

M(dp) = R(d;t,/du),
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Figure 6: Joint nonideal measurement of two polarization observables

N(dv) = R(/dp,du).

The following theorem was proven [15, 16]:
i {M(dp)} and {N(dv)} are commensurable PVMs, then

(M(dy), N(dv))_ = 0.

As follows from this theorem, observables represented by incompatible PVMs
cannot be commensurable. This corresponds with the impossibility of measuring jointly
(‘simultaneously’) incompatible observables as a well-known consequence of the Dirac—
von Neumann formalism of quantum mechanics.

It turns out that the generalization of the formalism to encompass observables
being described by POVMs can make use of the fact that such generalized observables
can be commensurable without commutativity of the POVMs. More specifically, the
commensurable POVMs may describe nonideal measurements of incompatible Dirac-
von Neumann observables. This can be summarized in the following definition of a
Joint nonideal measurement:

The observables described by POVMs {M(du)} and {N(dv)} are jointly nonideally mea-
surable if a measurement setup exists having a bivariate POVM {R(dp,dv)}, satisfying:

Ridy, [av) = [ g(du, w')M(di'), gldp, i) 2 0, g Jawwy =1,
W
R(/d,u,du) - / h(dv, VYN(d'), h(dv,v') > 0, h(/du,u’) = 1. (1)
In the following subsections we shall describe examples of nonideal measurements in
which {M(du)} and {N(dv)} are PVMs.
5.2. Joint Measurement of Incompatible Polarization Observables
By the measurement setup of Fig. 6 two incompatible polarization observables

of a photon are measured jointly in the sense described in Sec. 5.1. The setup consists
of a beam splitter with transmission probability v, and polarizers in directions 6, and
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9, in each of the two outgoing beams, respectively. We shall denote the observables of
polarization in directions 8y and 8; as {E,, E_} and {F}, F_}, respectively. Detectors
D, and D, constitute the two pointers necessary for the setup to perform a joint
measurement of two observables. Denoting the event of detecting an incoming photon
by +, and a failure by —, the joint detection probability distribution ppa, m,n = + or
—, can easily be found according to

P++ =0,
Pr- =7 (E4),
P-+ =(1 _7)(F+)v
p-- =1 =7(E4) = (1 =) (Fy)-

Here the expectation values are taken in the initial (incoming) state of the photon.
The POVM {Rma} describing the experiment now follows directly from

Pmn = (Rmn) )
yielding
0 “/E+
Rmn) = .
(Fonn) ((1—7)F+ 1—7E+—(1—7)F+) ®)

It is straightforward to calculate the marginals of the matrix (Rmn). These can be
written down in matrix notation according to

(B -0 )(E)
(Bi)-(2 ()

Evidently this precisely satisfies the definition (7) of a joint nonideal measurement of

(Ei,E_} and {F,,F_}.

5.3, Four-Port Optical Homodyning as a Joint Nonideal Measurement of Q and P

In the four-port homodyning setup the two homodyning setups discussed in
Sec. 2.2 are combined in the way exhibited in Fig. 7, v,ei and ¢; being transmis-
sion probabilities of semi-transparent mirrors. The joint probability distribution of the
two output intensities £y and Iy is given by (8]

pdF, dFy) = (¢s|R(dF, dFY)|s)

IFF R
BUE i) = s [ 2 TR T ) (B,
”\/((1"7)11 —")(;; - ")




Quantum Mechanical Observables and Positive Operator Valued Measures 113

> )
v Y e | Fa
2

Y A
» OO
- 172
4 &

vF, A

4 L

Figure 7: Four-port optical homodyning as a joint nonideal measurement of Q and P

Here |B) is a coherent state. Calculating the two marginals of the bivariate POVM
{R(dFy,dF;)} we find

R@FR, [~ dF) = dF: [ dag(R-a)la) tal, ©)
R([" dFidF) = dF: [ dp h(Fs=p)Ip) (o, (10)

with: . - ) .
9(F1—<I)=51\/7—rexp(—( 'éq)>,6f=m—1y (11
huz—m=3iﬁew(—ﬁ%yij,ﬁ=;%—1. (12)

Once again we have a joint nonideal measurement of two incompatible observables,
viz., the observables Q and P defined in Sec. 2.2.

6. Complementarity

6.1. FEramples

The two nonideality matrices

w=(,7,1) w=("771) (13)

of Sec. 5.2 for the measurement of polarization observables in directions 8, and 85,
respectively, have a complementary behavior in the sense that their dependence on the
parameter v is opposite. Thus, in the limit v = 1 we have

(g>=(})‘f), <h)=(??)v (14)
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implying the polarization measurement in direction 8y to be an ideal one. However,
in this limit the other marginal reduces to the POVM {0,1}. Hence, as is also to
be expected from the fact that in this limit no photons reach the polarizer 6;, no
information is obtained about the polarization observable in this latter direction.

In the limit v = 0 we get

(g):(‘f?), (h):(},?).

Hence, in this limit it is just the other way around: the polarization measurement in
direction 0, is ideal, whereas the other one is uninformative. The two limits evidently
correspond with two mutually excluding measurement arrangements of two incompati-
Ile Dirac von Nemmnann observables, in which information on the other, incompatible,
one is wiped out completely. For intermediate values of -, satisfying 0 < v < 1, in-
formation is obtained on both observables, information on one observable being more
deteriorated as information on the other one is of higher quality. This can be inter-
preted as a mutual disturbance iu the joint measurement of incompatible observables:
evidently the quality of information on one observable is influenced in a negative sense
by the presence of the part of the measurement arrangement that is necessary for
obtaining information on the other observable.

Using the measure of nonideality introduced in Sec. 4.2 this notion of complemen-
Larity can be given a quantitative expression. Applying (6) to the nonideality matrices
(13) we obtain

1

Jigy = 5[(2—v)log(2—v)—(1 — ) log(1 = 7)), (15)
1

iy = 5[(1 +y)log(l +7v) —~vlogy], 0<y<L (16)

Eliminating v from (15) and (16) we obtain the graph depicted in Fig. 8. It is easily
seen that the nonideality measures Ji,y and Jip) satisfy the inequality

.I(y) + J(h) Z log 2.

From this result it is clear that Ji,) = Jiy = 0 is impossible, once more expressing
the fact that the incompatible polarization observables cannot both be measured in an
ideal way by this measurement arrangement.

With respect to complementarity the situation in the four-port homodyning ex-
ample of Sec. 5.3 is completely analogous. Taking the limit v =0, ¢, = 1, the nonide-
ality functions (11) and (12) reduce to

g(Fy —q) = o(F ~ q), h{ty—p) =0,

making the @ measurement ideal, and the P measurement uninformative. On the
other hand, in the it vy = 1, ¢, = 1 we get

g(Fy —q) =0, h(Fy—p)=58(F—p),
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Figure 8: Complementarity in the joint nonideal measurement of two polarization obse-vables

thus realizing the complementary measurement setup in which the ) measurement
is uninformative, and the P measurement ideal. Once again for intermediate values
of v the experiment yields information on both Q and P, although this information is
subject to a deterioration due to the mutual disturbance induced by combining the two
measurement procedures of Sec. 2.2 in one single measurement arrangement. Since

(1
6152—\J(m—1) ’7—6;—1 J(-———l ——1) 1,

it is clear that &, = &; = 0 is impossible. Hence, also here the measurement arrangement
does not allow an ideal measurement of both incompatible observables.

6.2. A General Inequality

In [6] the following theorem was rigorously proven:
If {Rn.} describes a joint nonideal measurement of two observables represented by PVMs
{M..} and {N.} on a finite-dimensional Hilbert space, i.e.,

Z Rmn = ngm’ m’y gmm’ Z 07 ngm’ = 1,
n m! m
Z Rmn = zhnn'Nﬂ'7 hnn’ > 07 Zhnﬂ’ = 17
m n’ n

and J,) is the nonideality measure defined by (6) (and analogously for (£)}), then
Jig) + Jiay = —log{max,, , TrtM, N,.}. (17
The proof of this theorem follows straightforwardly from the inequality
Himay(p) + Hin,y(p) 2 — log(maxy o TrMn N ),
found by Maassen and Uffink [17] for the entropy functions Hp,,)(p) and H{n,;(p)

defined by
Hipmny(p) = =D (m'|p|m’) log (m'|p|m’)

m’
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(and analogously for {N,}). Here {|m'}} is the complete orthonormal set of state
functions corresponding with observable {M,.}, and p is a density operator satisfying
Trp = 1. The prool is based on the fact that the nonideality measure is related to the
entropy function according to

1 n B
J(g) = TV— Z(TI‘Z Rmn)fI{Mm) (Trz—z‘—R—";) .

Then, because of the convexity of the entropy function, the following inequality can
easily be derived:

1 Ronn 1 Rmn
Jig) = N Z(Tr; Ront ) H (M} (; I‘mnm> > N;(TrRmn)H(Mm) (m) ,

m

in which 7n = TtRmn/Tr Lo R Since for Jyu) an analogous inequality holds, the
Maassen—Uffink inequality can now be applied straightforwardly to yield (17). Hence,
if the sets {|m)} and {|n)} have no state function in common, we have TtMpNa < 1
for all m, n and Jiy) + Jiny > 0.

If TrM, N, = 1 for some Mpy and N,, then the inequality (17)is fulfilled trivially
and does not yield any information on the measurement process. In this case it is
possible, however, to sharpen the inequality in the following way. Let {G;} be a PVM
defining the common eigenspaces of the PVMs {M,,} and {N,}. Thus,

(Gi, M- =[Gy, N.]-=0.
Then it is possible to prove the inequality 6]

Jgy + i 2 2 (TeGiess (18)

2 1 i
==y log[§ + §maxm,,.||M,,.NnG.-|\].

This demonstrates that the inequality (18) is nontrivial as long as not all operators
M,, commute with all N,.

7 Connection with the Heisenberg Uncertainty Relations

The idea of complementarity as being related to a mutual disturbance in the
simultaneous measurement of incompatible observables has been investigated already
by Bohr and Heisenberg in their discussions of the two-slit experiment and the v
microscope (18, 19]. The results obtained in the previous sections are completely in
accordance with the conclusions reached by Bohr and Heisenberg. The inequalities
{(17) and (18) yield perfect descriptions of the uncertainty principle as illustrated, e.g.,
by Heisenberg’s o microscope. The examples discussed in Secs. 5 and 6 are of the same
Lype.
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It is rather generally accepted (e.g. Merzbacher [20]) that complementarity as
discussed here is taken into account within the formalism of quantum mechanics by
the (Heisenberg) uncertainty relations

AAAB > %|<[A,B]_>l, (19)

(AA)? = Trp(A — (A))%, (AB)* = Trp(B ~ (B))*. (20)

Yet, this interpretation was challenged by Ballentine [7], who objected that the in-
equality (19) does not refer to the joint measurement of observables A and B, but can
be tested by measuring A and B separately. Indeed, the standard deviations (20) are
calculated using the projection valued measures generated by the spectral representa-
tions of the self-adjoint operators A and B. No disturbance or nonideality seems to
be involved in the measurement if the observables are maximal. For this reason our
theory seems to endorse Ballentine’s idea that the (Heisenberg) uncertainty relations
(19) refer to the object rather than to the measurement, and just express the impos-
sibility of preparing a quantum mechanical ensemble that is dispersionless in both of
two incompatible (Dirac-von Neumann) observables. Hence, the Heisenberg inequal-
ities refer to joint preparation rather than to the joint measurement of incompatible
quantities.

According to Ballentine quantum mechanics has nothing to say about the joint
measurement of incompatible observables. As we have seen this judgment is too pes-
simistic, although understandable because it is based on the restricted Dirac-von Neu-
mann formalism. As we have seen, the generalized formalism of POVMs can describe
joint nonideal measurements of incompatible observables. The inequalities (17) and
(18) are expressions of complementarity and mutual disturbance in the joint measure-
ment of incompatible observables. It is interesting to notice that these inequalities refer
in an unambiguous way to the measurement only, since they are completely indepen-
dent of the density operator. Hence, they do not refer in any way to state preparation,
but exhibit properties of the measurement. Since the Heisenberg inequalities refer to
both the density operator and the observables A and B, we see that inequality (19) is
of a qualitatively different nature. It appears that the uncertainty principle is actually
a twofold one, one for preparation described by, e.g., the Ileisenberg inequality, and one
for measurement described by, e.g., the inequality (17). In the past this distinction has
seldom been made, an omission that can be attributed to a failure to see the restricted
applicability of the Dirac-von Neumann formalism of quantum mechanics.

8. Wigner Measures

The nonideality matrices (13) can be inverted, yielding

(g-l)z (11—7—1 ?)v (h7h) = (1EI(IZ);)—1 ?) (21)
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Using these inverse matrices the following operators can be calculated from the POVM
(8):

Wi = Zg;”l] h[_nl R (22)
Since

-1 -1
ngm = Zhln = ]’
k ]
the set of operators {Wy,} has the following properties:

SWu=1, (23)
kil

Z Wiy = Ek, (24)
!

S W= F. (25)
k

I'vidently the marginals of the matrix (W) define the probability distributions of the
two observables {E,, E_} and {F,, £.}, which, consequently, can be calculated ezxactly
{rom the joint probability distribution p,,., defined by {R...}. Because of (23) the set
of uperators {Wyy} coustitutes an operator valued measure. This measure will be called
a Wigner measure. According to a theorem due to Wigner [21] measures satisfying the
marginality relations (24) and (25) cannot be POVMs. Indeed, not all operators Wy
defined lJy (.),,3),

0 E
7 __ +
(Wi) = (1,+ b [,+> , (26)

are positive operators.

For the four-port optical homodyuning example of Sec. 5.3 it is possible to calculate
a Wigner measure in a completely analogous manner. In the first place the convolution
relations (9) and (10) can be iuverted, yielding

1 L LIS
9 (¢ —Fy)=— dke v e*la=F)

21 Jow
1 oo K242 "
Wi p—Fy) = ()7r./ ’ dhe 7t k= F2),

From this result it is straightforward to find the Wigner measure according to

Wigp) = //g*‘(q B B p = By R(dE, dEy)
N A e »

= (L Ik lk’/—— ) (8] ¢ 7 +ikla=VEReD) +ik (p—V/3Imp)

( > /oo( /—o:,( e |/></le ’

2m -
satisfying
[ Wiapdadp =1,
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/oo W{q,p)dp = |lq) (4l,

-0

| wandg =19 ol

—00

The operator valued measure {W (g, p)} yields for the state function|y) the (quasi)prob-
ability distribution

2

WIW @) = — [ dybla+ ) ol - n)e¥

This is the well-known Wigner distribution [22].

The four-port homodyning example is especially interesting because it follows
that, at least in principle, from its results the Wigner distribution can be calculated.
Since the Wigner distribution and the state function are informationally equivalent, it
follows that the state function |1} can be determined completely by this measurement.
Such measurements are called complete measurements [13]. Since no Dirac-von Neu-
mann observable can yield a complete determination of the state function, this shows
clearly the fundamental improvement in our measurement potential in generalizing to
measurements described by POVMs.

Not all such measurements are complete measurements, however. Thus, the
joint measurement of polarization observables discussed in Sec. 5.2 is not complete.
From (8) it is seen that each operator Ry, is a linear combination of operators from
{E4, E_} and {Fy, F_}. Hence, the joint measurement does not yield more information
than the joint information obtained by measuring each of these observables separately
(for this reason such a joint measurement is called a trivial joint measurement). It is,
however, not difficult to device also in the case of polarization observables measurement
arrangements yielding complete information on the polarization state of a photon.
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