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Simple models of Iength and time measuring instruments are studied
in order to see under what conditions a relativistic description of the
d1,'namics of accelerated motion can be consistent with th-e kinematic
prescriptions of Lorentz contraction and time dilation. The outcomes
obtained for the measuring rod are compared with a thought experi-
rnent proposed by Dewan and Beran.
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1.  INTRODUCTION

According to the conventional interpretation of the axioms of the
special theory of relativity, length contraction and time dilation are
purely kinematical. As they arise from coordinate transformations
betlveen inertiai frames, they are a matter of definition. It is not sen-
sible to ask for their cause; Iength contraction and time dilation are
not ((effects". They cannot be measured directly, because the mea-
suring rod used to compare the lengths of an object in two different
states of motion would have to be accelerated from one inertial frame
to another. and would experience the sa,me Lorentz contraction as the
object (an analogous remark holds for time dilation).
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The universality of the unobservability of Lorentz contraction and
time dilation raises the question of the compatibilitv of the kinematics
governed b1' the reiativiitic axioms and the dynamics of the measure-
ments. It is generally taken for granted that measuring instruments
are availabie ansrvering the kinematic prescriptions inherent in the
axioms of the theory, so measuring length and time is thought to be
unproblenatic. However, this is far from self-evident. When an ob-
ject is accelerated, forces must be exerted. One may wonder whether
the acceleration is independent of the way these forces are applied [1],
and whether the dynamic behavior of a physical object that is used
as a measuring rod or as a clock is such that, after being accelerated,
its final state has the correct Lorentz contraction c.q. time dilation.

According to Born [2] a measuring rod must be u iigid body, all el-
ements of which being contracted in the same way. Although this is an
important condition for a consistent definition of relatiuislrc rigidity,
it does not guarantee that objects satisfying this requirement realiy
exist. This wlas realized already by Laue ;11 #n" pointed out that, likl
in ciassical mechanics, in special relativity a rigid body can be consid-
ered as the limiting case of a deformable body. Hence, with a theory
of elasticity one may define which bodies are (dynamically) more rigid
than others. In the present paper we follow essentially this latter idea.
We shall stud;' simple models of length and time measuring instru-
ments in order to see under what conditions a relativistic description
of the d1'namics can be consistent with the kinematic prescriptions
of relativistic measurement. A relativistic description of accelerated
measuring instruments should show how length contraction and time
dilation aie brought about, thus checking bfmeans of slow transport
of clocks and measurine rods the svnchronization of ciocks and the
comparison of lengths oT measuring-rods in different Lorentz frames.
For a more detailed discussion of the implications our results mav
have on the interpretation of relativity theory the reader is referrei
to de Muvnck f4l .

W'e shall bis6 onr measuring instruments on a svstem described
in a thought experiment by Dewan and Beran [5]. Tliey consider two
identical rockets, connected by a fragile thread, initially not mo\'-
ing with respect to an inertial frame of reference I. Both rockets
are started simultaneously in I. They are assumed to have identi-
cal acceleration programs in this reference frame, thus implying the
distance between the rockets, as observed in E, to remain constant.
On the other hand the thread should be Lorentz contracted. Dervan
and Beran conclude that the Lorentz contraction must cause mea-
surable stresses "until for high enough velocities the thread finally
reaches its elastic iimit and breaks" (also Bell [6], who emphasizes
the instructional merits of the problem).

Of course, such an object would not be a very reliable measuring
instrument for measuring relativistic length. In order to get a bet-
ter model of a mea,surine rod rve shail in the followine not consider
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equal accelerations but equal external forces exerted on the rockets.
lVe shall also take into account the influence of the stresses on the
motion of the rockets (this influence being completell. suppressed by
the assumption of equal accelerations in the thought experiment). Al-
though the reasoning leading to the conclusion of the thread's break-
ing is corlect. it seems to us that the dynamical aspects of the motion
are obscured b1' the assumption of equal accelerations. By this as-
sumption the problem is dealt u' ith essentiallS' in a kinematic wav, and
may' correspond to a phy'sical situation different from an accelerated
measuling i-od. A complete understanding can be gained only by a
d)'namical treatment of the motion. taking into account the dynamics
of the thread. In order to ha,r,e a mathematicallv tractable problem
rve have to consider a simplif ied model of the thrLacl.

Our dynarnical calculations give a new view on the outcome of the
thought experiment. specifying conditions under which the thread
doe,s nol break, thus providing insight into the possibil i ty of using
such an -object  as a measur ing rod.  We descr ibe the thought  exper i -
ment in SgC 2, deliving a n.,mier of results to be used in th"e folloiving
sections. Modeis of an accelerated measurins rod and an accelerated
clock are studied in Sec. 3 and Sec. 4. In Sec-. 5 some conclusions are
given.

2. THE DEWAN-BERAN THOUGHT EXPERIMENT

In this section the influence of the thread on the motion of the rock-
ets is. neglected. The two r-ockets are treated as point particles having
equal and constant rest masses nz. Then equal acceleration programs
for the trvo particles in ! can be achieved b5, appli'ing equal-and con-
stant forces F to thepalticles. as-seen in their momentaf;ly comoving
reference frames (N4CRF). According to standard relativisiic mechanl
ics (see.  e.g. ,  Mol ler  [ i ] )  the equat ion of  mot ion of  each par t ic le  in  !
1 S

d2r
m -

dr2 ( I - u z 1 r z ; i t / z '

r being the proper tine of the particle. defined by

d r f d t : ( t - u 2 f c 2 ) 1 / 2 : I f ^ t .  ( 2 )

Defining a : F lm and 0 = cf ct, we find the well-known solution

t r ( l )  :  a t I Q  + t 2  f | z | t z .

r ( r )  :  r (o )  + ,1  f t r  +  f  l r ' ? ) t t2  -  r ) ,  (3 )

\  = c2 la.

( 1 )
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Irig. 1. Length measurements in N{CRF's at equal proper times.

Taking rr(0) :  0,  r2(0) :  lo,  we f ind

r,2(t)  :  r1(t)  + 16, u2(t)  :  r1t111, (4)

corroboratins the absence in I of Lorentz contraction of the distance
between the 

-part , ic les.

Integrating Eq. (2) with use of Bq. (3), we find

1( l )  :  r2 ( t ) :0  s inh- r ( t l0 ) '

Assuming the force F to be applied only during a finite time Z, the
particles will become stationary in the same inertial frame I', moving
with velocity u(T) with respect to I. In X' the distance between
the particles, after they have both become stationary, equals ̂f (T)lo.
Since !' is now the rest frame of the thread, it will be stretched past
i ts breaking l imit  i f  I  is large enough.

It is interesting to observe the stretching of the thread in the
MCRF of each of the particles (note that the particles have no MCRF
in common!). In Fig. 1 the two world lines of the particles (1 and 2)
are given as seen in I At equal proper times (tr(S) : rr(P), corre-
sponding to the same value of l) the distance between the particles is
measured in each lVICRF. The measuring rods lie along the iines of si-
multaneit.v of the MCRF's. Since the veiocities in I are equal at equal
times. the lines of simultaneitv in 5 and P ha,r'e the same direction.
Fronr this it is easily seen that the measured distances drfrer: (.1 > 12.
Straightforward calculation by means of Lorentz transformation with
velocitl, u = ul : uu yields

4 = h^t* [) '  + to'?'r ' -  r) ] ' / '  -  ) ,
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0

t r i -  r  n^, - - - l - - -^'  , 5 '  ' .

t icles, as measured
1 . 1 ) ,  ) : c 2  l a .

r / O

proper i ime of the
the tivo MCRF's,

d i s tance  be tween  the  pa r -
f o r  ( s  :  0 .1 )  and  /o  :

on
in

for /s ( ),
for /6 > ).

( 5 )

line of
started

The two cases for 12 distinguish between ivhether particle 2's
sirnultaneity intersects lvorld line 1 befole or after the latter
ofl.

Figure 2 shows ./1 and 12 as functions of their respective proper
times ri and 12 for two values of ls. It is clear that the distances in
tlre \{CRF's become very different for large values of r,11 increasing
indefinitel;, while 12 converges to ). \die shall not deal here with the
qualitatively difl'erent behavior of {2 for small and large vaiues of ls.
the latter one hardlv suggesting the breaking of the thread. Desloge
and Philpott [8] see'the?"istanJe ) as a horiion, similar to the event
horizon of a black hole. Indeed, if /0 > ) light emitted by particle 1
at I ) 0 never reaches particle 2. Taylor and French [9] assert that
) is the limitation of proper length of an accelerating object, a being
the acceleration of the front end. It is clear that it does not make
sense to applv our intuitions about the behavior of threads or mea-
suring rods to such extended objects, on the basis of considerations
that are mainil 'kinematical. Only a field theoretic treatment, taking
into account the retardation of the interaction. rvould be appropriate
for a fulli ' relativistic description of such objects. This rii l l nbt be
considered here. We shall in the follolving restrict ourseives to dis-
lances sat isf ; , ing (0. {o-t  ((  ) .  so as 1o mike a d;namical t rea-tment
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possible without the need to apply field theory. For these vaiues it
foilows from (5) that the measured distances in the two MCRF's are
approximately equai: (4 x $ = {0.1 , as is also obvious in Fig. 2. It is
possible, for 0 ( /o S ), to derive from (5) the rigorous inequality

lh  -  t r l  <  u{z f  ̂,  (6)

shorving the relative difference to be smali as long as the distance
remains much snaller than ). Onlv if this condiiion is fulfil led is
i t  possible to def ine a XICRF in r .r 'h ich rhe thread as a whole is ap-
proximatell'stationary, thus making it possible to ignore the internal
dvnamics of the thread.

3. A RELATIVISTIC MEASURING ROD

If we replace the thread connecting the accelerated particles in the
I)ewan-Beran thought experiment by an ideal massless spring, we
obtain a simple modei of a relativistic measuring rod. In th-e dyrram-
ical treatment both the externai forces and the ipring determine the
rnotion of the particles. In order to be able to define a spring, we re-
str ict  ourselves to smal l  relat ive veloci t ies (((  c) and a smal l l istan.e
(<< ) = c2la),between the part ic les. This impl ies a radical  di f fer-
ence from the kinematical approach, since in the limit of vanishing
spring. c.onstant_these restrictions cannot be satisfied: the spring ii
essential to hold the particles together. Under these conditions it is
possible to define a MCRF with respect to rvhich both particles are
appr.oxim.ately at rest. I-l this MCRF' the ideal spring connecting the
particles behaves according to Hooke's law.

The assumption of smili distance, 11 ( ), aliows us to write
t :  =_!r_?!7_.- l lere f , :  , ,  -  i r1 and 1 :1@), with u the veloci ty of
the MCRF. I f  lo is the equi l ibr ium lengrh and /c the spr ing constanr,
then the spring exerts a force k lh - Ie) in opposite diiections for the
two particles. As in sec. 2 we assume constant and equal external
forces F to be exerted on both particles. The relati' istic equations of
motion can then be written as

d u t  / .  t ,  t \ 3 1 2 , ^^_dt : lr 
_ uf lc, ) lF _ k({.s _ hl, (Z)

d t z  / ,  t , , > \ 3 1 2 , ^,ri : \r 
_ uz' lc') 

' 
lF + k(to _ b/)1. (8)

As rve see by adding Eq. (i) and Eq. (8), the restriction to small
relative velocities (t'1 = t,2) implies that r.r is equa,i to the velocity of
the unconnected particles, as given by Eq. (3). The proper time r of
the  MCRF is  de f ined by  dr ld t :11^ t ,  r (0 )  :6 .
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Since the relative movement of the particles is of oarticular interest
rve  de f ine  w( t ) :  t , r ( t ) -u l ( / )  :  d ( ld t . -  We f ind  a  d i f fe ren t ia l  equat ion
for u(l) b), subtracting Eq. (7) from Eq. (8):

r f f l -  u 2 2 f  c 2 ) 3 1 2  - ( 1  -  t , t 2 f  c 2 f / z )

k(h -  r r )  [ ( r  
-  ur21c27s/z + (1 -  t tJ 1cz1stzf .  (9)

\A: i th the assumption l r l  < l r l ,  we approximate

(l - u22 f c2)tl ' + (I - urz f c2)3/2 = 2l^f ,

( I  -  t ,22 f  c2)s/z -  ( I  -  u12 f  c21zlz x -3uwl(1c2).

We now have the following approximation for Eq. (9):

d -  ^  n /  3 u u , \  ,  ^ , % - ( ^ /
t 7 7 - = N . l u  l -  ^

d t  
-  

\  
^ t c 2 ) '  - ' '  

1 ^ 3  
' (  10 )

From the definition of 7 and u we have duf dt : af 13 and dlldt :
ax f c2. \\ie rewrite by use of the chain rule:

du
dt

+

d' (^ ,  d (  dr ' : . t \  ^  te  ,dw a2!^1
r  -  1 _  |  1 _  |  :  l { r .  _ t t ? t ,  _ ! _  1 0 _  _ L  _

d r z  ' d t Y  d t  )  
" t  c 2 " *  

'  '  d t  
'  

c 2
( 1 1 )

Insert ion of Eq. (10) into Eq.

12 l^

i#=-(z t t1*-"
d T "  \

The solut ion is  non'  s imole:

grves

('", - *fr\7p) 02)
( 1 1 )

'l r')

r,vith .,,, = (2klnt - a2 1c21'/2. Wrth d(tlldr = 0 at r : 0 we find
-4 : 0. B is determined by ls. After some rewriting we obtainl

tt = hlr * 
*rL 

- cosc-.,r)1. (11)

( 13 )

iIt can be shorvn that this result can be generalized for nonidentical forces fi
and F1 and masses m1 and m2 satisfying F1f m1 = F2f m2 - o. The generalization
rnerely involves replacing m in Eqs. (7-1a) by the reduced mass p.

,  2k lm
l7 : ;;, ----- *h -l Asinc,-'z ! B coswr,

l K l m  -  a . l c .
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t . 20

0.90

0.80
0

Fig. 3.  The behavior
11f ls Ys. z/0 (with
ideal rod).

t / O

of the measuring rod as seen from the MCRF:
kcz l(maz): 9; ihe broken curve represents an

Viened from successive MCRF's ihe distance between the particles
oscillates betu'een the initial length and a length at which the spring is
expanded maximally. The oscillations are harmonic in z (cf. Fig. 3).
As rve take A larger, B vanishes and the length around which 11
oscillates approaches ls. In X we see oscillations with respect to the
Lorentz contracted length (cf. Fig. 4). the frequency increasing and
the amplitude decreasing if k is chosen to be larger. By increasing k,
we can let the s1'stem behave arbitrarily closely like an ideal measuring
rod. which has l7 : corstr though for finite k it will never be one. For
F i g s . 3  a n d 4 w e u s e d  ) : 9 x 1 0 r m ,  d : 3 s  a n d 1 6 :  1 m .  A n u m e r i c a l
solution using an ertended Runge-Kutta-Fehlberg algorithm [10] to
integrate exactly Eqs. (i)-(8) is in good agreement rvith these results.

From Eq. (14) i t  is c lear that the assumption 4 K ) impl ies
a2llsf ("n2 c2) 14 ). BY the definition of ,,;, r,ve have

2k I m - o' l  r '  > a2 {.0 1 1)c21. (15 )

Thus there is a lower bound for A: the equations which rve use to
desclibe the svsten of the connected particles are indeed not valid
in the limit of an extremelr' n'eak spring. The discontinuitl 'betu'een
A : 0 and k : k-in marks the fundamental difference ltetween the
kinematical and the dvnamical approach.
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0.5

l 0

r / 8

Fig. 4. The behavior of the measuring rod
in E:  { : f  ( .6  vs.  t f  0 .  for  kc2 f  (ma2) :  9 . -The
behavior  of  an ideal  rod,  l f  ! .s :  I l^ i .

as seen by an observer
broken curve shows the

4. A RELATIVISTIC CLOCK

Our treatment of an accelerated measuring rod shows how the Lorentz
contraction is brought 9b9ut d1'namically. With the same approach
we shall investigate the behavior of a clock under acceleration. 

-At 
rest,

our model of a clock consists of a particle p turning circles around a
center. c, a fixed point in space. An ideal massless spling connects the
particle to the center. The completion of a loop iround the center
corresponds to a tick of the clock. Acceleration of the clock is per-
formed by a constant force both on the particle and on the centerj for
simplicit.r', we prescribe the motion of the center. The reduced r.ass
of the. system is.equal to the mass m of the particle. Classically, the
period 7 of one loop is independent of size and shape of the ot6ii. It
is wel l  knor,vn that we have I  = 2r(mlk)U2 in al l  cases: at rest.  in
uniform motion. and uncler uccel"ruiiorl. 

'

For the relativistic treatment, r,ve define some new symbols: the
position coordinates (ro,Ap) for the position of the particie and uo for
its velocitv, u2r= (drrldt)2 + (dyrldl)2. \! 'e use rc for the r-position
of the center. The spring-is ideal and has zero equilibrium length
ls. It is assumed that in the center's MCRF. the particle has a iow
velocity and zo = r.. !\ie first consider an inertial ilock. We let the
particle describe a circular orbit in the center's \,{CRF (coordinates
x . T l i
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ip = r  cos ur i ,  gp :  ,  s in. .r f ,  w = (kf  m)1/2. (16)

We have f  =2tr(nt lk)t l ' . I f  the N{CRF has veloci ty V with respecr
to I. then Lorentz transforming to I, i : 1@ - Irt), g - y, t :
1f t  -  r ! : - f  c2),  we obtain

rox  ( r l l cosa ( t f  1 )  * \ . / t , Up = r sin'o(tf  ̂ 1), (17)

'uvhere rve approximated ro = r. = tf 1. The particle describes a
Lorentz contracted circle. an ellipse with ratio 7 between its principal
axes. Note that we have Z :T^i, which is just the time dilation.

Now we accelerate the clock. The center follows a prescribed hy-
perbola in space-time in accordance with trq. (3). We use the velocity
u. of the center to define f. : f(r'"). The equations of motion are

,1
u  r D- , _ ; :  t p l o - ( k lm) { y ] .

n t L

d t Y o  , 1  t
1 aar;

(  l8)

( 1e )

in which we redefined {: rp - rc: we use rp because the forces are
exerted on the particle.

We solve the equations of motion in the same wav as in the previ-
oussectior. Equating. as before, ro and r. we obtain for the oscil lation
in the r-direction

(1 : ,  cos(rcrc '

For yo the solution is simply

a , : ( k f m - a 2 f c 2 ) r 1 2 (20)

(21  )Ap: r  s inc,roz.,  uo: (kf  nz)r/z

The oscillation in the y-direction is a classical harmonic oscillation in
the proper time r.. Since only the vertical oscillation is important
for the functioning of the clock, the time dilation is followed ldeallv:
there are constaniamounts of proper time between the ticks.

5 .  CONCLUSIONS

We studied a simple model of an acceierated relativistic measurins
rod and clock, viz., two particles connected by a spring in eithei
Iinear or circular motion. It was investigated rvhether alelativistic
dvnarnical  descr ipt ion of these models 5' ie lds results that are consis-
tent r,r' ith the kinematical prescription of relativity theory stipulating



Time Dilation 143

Lolentz contraction and time dilation. It was found that the mea-
suring rod satisfies the Lorentz contraction only in the limit of an
infinitely'large spring constant, a finite spring constant yielding de-
viations from ideai behavior. A tentative interpretation is that only
ideal measuring instruments must satisfy the kinematical prescrip-
tions. and that a spring having an infiniteiy large spring constant is a
model of a rigid body meeting this requirement. Because the reading
of a clock can be realized by considering transverse motion (which is
less sensitive to relativistic effects than the longitudinal one). it turns
out to be easier to have an ideal relativistic clock, reproducing time
dilation exactiy for arbitrary finite spring constant.

The model sheds new light on a thought experiment proposed by
Dervan and Beran i5l, conrldering two r6ckets'(particles) connected
by a thread. 81'applfing equal and constant external forces instead
of accelerations we are able to take into account more fullv the rel-
ativistic dynamics of the system. Our results lead io the"following
conclusions:

1. I f  the external force is large (o :  FlmZc2l{o),  def ining a con-
necting thread is problematic. A description of the interaction
between the particles rn'ould involve field theory.

2. If the acceleration is sufficiently gentle, the amplitude of the
length oscillation can be made so small that the thread will not
break. The particles are then kept together b1' the thread. This
ph1'sical possibiiity does not obtain in the Dewan-Beran thoueht
experiment because of the latter's kinematical character.

3. If the acceleration is intermediate, the maximum increase in
length may become larger than the thread can take, and the
thread will break as in the Dewan-Beran thought experiment.
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