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Abstract. An alternative to the Lijders generalization of the von Neumann projection is

forrnulated allowing a generalization to measurernents represented by positive operator-valued

measures. This generalization is based on the notions of non-orthogonal projections and

bi-onhonormal systems in Hilbert-Schmidt space, and is closely related to phase-space

representations of quantum mechanics. A number of applications will be discussed. It is

demonstrated that the alternative projection has a natural interpretation as a representation of the

information on the initial state, to be obtained by the measurement.

1.. Introduction

The von Neumann-Liiders projection has its origin in the prehistory of quantum

measurement theory. It yields a prescription of the way a quantum-mechanical object is
ideally influenced by a measurement. For an observable A having a nondegenerate spectrum
this was thought by von Neumann [ ] to take place according to the scheme

l v )  :  l f  ) 8 lgo )  *  lV r )  :  L r ^ lo^ )  819 , , )

in which lt) : Ln,c,,la,,) and 196) are the init ial states of the object and measuring
instrument, respectively, lar) is the eigenvector of observable A conesponding to eigenvalue
e,,,, and 16,,,) is a pointer state of the measuring instrument. Measurements satisfying this
scheme are called measurements of the frst kind, such measurements leaving the object state
unchanged if i ts init ial state is an eigenvector of the measured observable.

For the density operator of the object this implies the following transition from initial
state p to final state p(,/:

p  :  l l / )  Wl  + pt ,1 == Tr ,  lvr  ) (v . ,  |  :  I  1 . , , ,  l2 lau, l  \au, l .  (2)

It is important to note that this go.7 eanbe written as

^  _ \ - -t  , , r  _  
2, (Tr  pE, , )E, ,  (3)

where .E,, : la,, l\ctnt ir rfr" one-dimensional projection operator onto the vector 1a,,,). Since

L,(T. pof E,)Ent : p,,y the state transformation (2) is a projection.
In order to accommodate possible degeneracy of the eigenvalues a,,, this scheme was

generalized by Li.iders [2] according to

P + 9 , ,J  :LE, ,PEN'
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in which 8,, is now the (possibly multidimensional) projection operator of the subspace
spanned by the eigenvectors corresponding lo aDt. In contrast to the transition to (3),
transition (4) is also a projection for multidimensional projection operators 8,,. It reduces
to the von Neumann projection (2) in the case of non-degeneracy. Apart from being
projections, transitions (2) and (4) map density operators onto density operators (i.e. p,,1 ) O
if p 2 o, and Tr po1 : 7v pt. By Ludwig [3] such mappings are referred to as mi-
morphisms.

It is often considered as a virtue that the Liiders projection (4) satisfies the minimum-
disturbance property characteristic of f irsrkind measurements (e.g. Furry [4]). It is casily
seen that for both the von Neumann and the Li.iders proiection we have

Tr P,,1 Er, : Tr P E,, (5)

indicating that a measurement of observable A in the final object srate pof yields the same
probabil ity distribution as the measurement performed in the init ial state p. l 'he property
(5) is sometimes taken as defining a measurement of the first kind (e.g. Busch et al [5]).

In the literature on the foundations of quantum mechanics, measurements of the first kind
are very popular, presumably because the simple schemes (l), (2) and (4) allow us ro make
deductions in a relatively simple manner. However, it was realized by Wigner [6] that these
schemes cannot be generally valid, in particular if there is an additive constant of the motion.
AIso the problems with observables having a continuous spectrum are well known. These
problems have been a reason for doubting the general validity of the von Neumann-Liiders
prolection as well as of the concept of measurement of the first kind (see e.g. [7]). Doubts
regarding their necessity as characteristics ol quantum-mechanical measurement procedures
are also generated by the circumstance that widely used measurement procedures do not
satisfy them. Thus, in an ideal photon counter the photons are annihilated, ideally yielding
the vacuum state as the final state of the electromagnetic field for any initial state. Minimal
disturbance of photon number would be possible in this measurement process only on the
basis of a certain inefficiency of the detection process.

Also the Stern-Gerlach measurement procedure for measuring a spin component, being
a paradigm of firsrkind measurements, satisfies this characteristic only in an approximate
sense [8, 9]. So that the Stern-Gerlach device works properly, rt is necessary that the
magnetic f ield B is inhomogeneous. Because the magnetic f ield must satisfy Maxwell 's
equations, and, hence, should satisfy the requirement Y . B :0, such an inhomogeneity is
inconsistent with the assumption generally made in textbooks of quantum mechanics, that
the direction of B is the same everywhere. Hence, the interaction Hamiltonian -(p/2)B.o
does not contain just one single spin component but contains different non-commuting Pauli
spin matrices, thus preventing a single spin component fiom being conserved. Since the
inhomogeneity of the magnetic field is essential to the functioning of the Stern-Gerlach
measurement, its deviation from first-kindness is even crucial.

The examples discussed above suggest that the concept of a measurement of the first
kind at most has a theoretical importance, and is seldom realized in practice. It is important
to note that the concept, being a requirement to be met by the post-measurement state of
the object, hinges strongly on the preparative aspect of measurement. When we take the
point of view that measurements are performed in order to obtain knowledge about the
state of the object immediately preceding the measurement, then it is not very important in
which state the object is left afier the measurement. From this deterntinative point of view
it is completely unimportant whether a measurement procedure satisfies the von Neumann-
Ltjders prescription or not. In particular, we do not have any reason to require the final
object state to be prepared according to the projection (4).
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In general, the final states of both object and measuring instrument are determined by the

measurement interaction. Let pu be the density operator of the init ial state of the measuring

instrument, and U : e-iur. Then p1 : UppoUl is the final state of the combined system.
From a determinative point of view the final state put of the measuring instrument is the

crucial quantity because it yields the probabil it ies of the pointer positions that are directly
compared with the experimental data:

Pn, : Tf,H,, Pa1 Eo^ Paf :  TrY" P,

in which the operators 8r,,, define the spectral representation of thc pointer observable.
These probabii it ies can be written according to

pr, : Trv,, pTry,, p.UI Eu,,tU . Q)

Defining M,, '.: Trv,, p,,UI E,,,,, U the probabilities (7) can be represented as

Pr ,  :T t  PM^ M , : M ) , ) 0 lu , ' :  t

thus enabling us to consider them as properties of me init l l t object state p.

It is important to note that the operators M,,, in (8) in general are not projection operators.
as would have been obtained if the probabilities were related to the spectral representation
of a Hermitian operator, as is the case in the Dirac-von Neumann formulation of quantum

mechanics. By now it is well known (e.g. [0, 11, 3, 5]), however, that the latter formalism
is too restrictive to encompass all experimental measurement procedures used in actual
practice. The probabil ity distributions of most quantum measurements should be given by
(8) in which the set of operators {M,,}constitute a decomposition of the identity generating

a positive operator-valued measure (POVM) (for applications to photon detector and Stern-
Gerlach, see e.g. t 12, 9l). Measurements within the domain of application of the Dirac-von
Neumann formalism just correspond to a subclass described by orthogonai decompositions
of the identity generating projection-valued measures (PVM). A second reason to doubt
the general validity of the von Neumann-Liiders projection is that its formulation as given
above only applies to measurements represented by the Hermitian operators of the Dirac-von
Neumann formalism.

The final object state p,,7 is obtained from p1 by partial tracing over the apparatus Hilbert
space: pn1 -Tru, py. This state is completely determined by the init ial conditions and the
measurement interaction. For each measurement procedure corresponding to a PVM it is
possible to verify whether this state equals (3). For most realistic measurement procedures
this is not the case (see [13] lbr a discussion of a widely used model for measuring PVMs).
It is straightforward to see that fbr arbitrary measurements of POVMs the state poT can be
given accordinc to

(6)

(8 )

^  _ \ - -  ^
Y , , t  -  

/ -  Y t n  Y t t J  n t

Here the density operator p,7,r describes the object's post-measurement state conditional on
the measurement result m ll4l. Only for very particular measurement interactions does this
coincide with the state EntpEnt/Tr pE,, prescribed by the von Neumann-Ltiders projection.
By Busch et al [5] it is proposed to generalize the definit ion of f irst-kind measurements to
measurements described by a POVM, so as to satisfy an equality analogous to (5),

T r  pu1  Mr , :T r  pM^ (  t 0 )

in which pu1 is the post-measurement object state (9). However, since this equality hinges
on the preparative aspect of measurement, as before it seems to impose on the interaction

- Trv" Eu^p1
P o f n :  

p ^
(e)
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between object and measuring instrument requirements that are both unnecessary and hard
to meet in actual practice.

It is the purpose of this paper to propose an alternative to the Liiders projection (4),
generalizing the von Neumann projection to measurements described by POVMs, that is
both relevant rn a cletermindtive sense and valid for all such mcasurements. This is done
in section 2. In section 3 a number of applications of thc alternative projection wil l be
discussed. Finally in section 4 an interpretation of the projected state wil l be given deviating
from the interpretation as a description of the final object state.

2. Generalized von Neumann projection

In this section a generalization of thc von Neumann projection (2) is defined, valid fcrr
lneasurements rcpresented by arbitrary POVMs {M,,} with l inearly independent operators
M,,,. For simplicity we shall restrict the general formulation to finite-dimensional Hilbert
spaces, although an extension to infinite dimensions seems to be straightforward. Then the
operators M,,, can be considered as vectors in Hilbert-Schmidt space }lHs, the set {M,ri
constituting a (generally non-orthogonal) basis of a subspace 7{tr,,,t.within this subspace
a bi-orthonorrnal system (cf appendix A) is constructed by requiring

A / ' - \ - n  , l z
t "  t t t  / t  

l ' l t t  D t  t l r  n1

NI

\M,', M',t) : Tr M,,,M',,, : 3,,,,,

Since the coefficients 8,y,1 arre real we have Mi,, - M':,.
Within Hilbert-Schmidt space we now define the non-orthogonal projections

(cf appendix A) lhl,,)(M',,1 and lM;,)(M,,,1, which are in general non-Hermitian
(super)operators. However, analogously to (22) the projection operator

Ptu,,,] : llu,,,) {twi,, | : I lM:,) (M,,,1

(summation over all elements of the decomposition of the identity) is a Hermitian operator on
Hilbert-Schmidt space, PIr+r,,,1 : Pir,,,r. Due to hermiticity it equals the unique orthogonal
projection onto the subspace Htr,,,t,

Plu,,,\Hns : HIu,,,t.

Using (12), the generalized von Neumann projection is defined according to

p -+ p iu, , , t (py :  
f { f r  M, , , i lM^:  f { f r  M, ,p)M,, , .

It is easily seen that Ptu,,, l@) rcduces to (3) if the PovM is a maximal pvM for which
the operators M,,, are one-dimensional projcction operators. From (11) it also immediately
follows that

T rP1u , , , 1 (p )M, , :T r  pM, , .  ( 14 )

In contrast to (10), this equality holds true for any quantum-mechanical measurement
procedure represented by a POVM.

The mapping (13) is a mi-morphism. This is proven as follows.
( i )

: f {rr M,,fi\1Tr M,,,,M'n)M:,
,rt ,rr '

( l t )

(t2)

(  l 3 )

,,,-,(|rr, M,,,r)M.,)
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yielding I,,, (T. M-p) M',, because of ( I 1). Hence, Ply,,; : Pg,,,1
( i i )

Tr Mn,M',,, :3,,,,,

l',,,: '
Hence

/ -  \
T rP11 ,a , , , 1 (p ) :  f r  |  )  . {T r  M , , , p lMn ,  l  :T r  p .

\ 7  /

(iii) The projector P1u,,; onto the subspace H1u,,,1 is a Hermitian (super)operator.
Because the crperators M'r, are in general not non-negative, the property P1u,,;(O) 2 O
cannol easily be proven using definit ion (13). However, because of Naimark's theorem (cf
appendix B) there exists a second Hermitian projector onto the subspace Htv,,,l, namely

Piili,r@ : P AP
P : PI the Hermitian projection operator constructed by the Naimark theorem by relating
the operators M,,, to a PVM {8,,,} according to M,, - PE,,,P;hence Mn,: PMn,P and

nii)1,,,11us : ]1 r u,,,t.
Because of the uniqueness of Hermitian projectors we must have

aonh
I ' {M,, ,1 :  t - lM,, , I '

Then

PpP . O --+ Ptu,,,t(p) > O.

3. Applications

3.1.  Non-maxinru l  PVMs

Let {E,,,i be a non-maximal PVM, with N,, : Tr E,, the dimension of subspace 8,,,}1.
Then

Tr ErrE' r r ,  :6nrnr '  + E ' r r :  Err lNrr .

Hence

Pw,,,t( D : f {rr oE,,) E n, I N,,.

For maximal PVMs (for *,"n *, : 1Ym) this equals result (3) of the von Neumann
projection. In general it is, evidently, different from the result of the Ltiders projection (4).

3.2. Invertible non-ideal measurement of PVM lEr,]

In I l2] a non-ideal measurement of the PVM {En, } was defined as a measurement represented
by the POVM {M,,} satisfying

I / ,  - \ - ,  n  1  \ n  \ - r  lt v t n :  
L A m r t L i l '  

L r r r ,  2 V  L A n n ' : 1 .

A non-ideal ."uru."*lnt is called invertible if ttre non-ileality matrix (,1.n,,,,) has a unique
inverse (f;f,1. Then

1 - l
- 8 . ,
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Figure l Joint non-ideal measurernent of two polanzation observables.

ano

P1u,,,1( trt ) : f rTr E,, P I E,,, f N,,,.

It is important to note that this result equals the one obtained 1br ideal measurements of the
PVM {,E,,,} as obtained in section 3.1, both fbrmaximal and non-maximal PVMs.

3.3. Joint non-ideal measurement of incompatibLe PVMs lE,,l and {F,,1

As a third application we consider the joint non-ideal measurement of incompatible
observables, defined in [2] according to the requirement that the measurement is represented
by a bivariate POVM {M",,,} satisfying

L*^ , :LL , , ,LEn,
, t  n l '

Lr^ , : lF ,u ,F , ,
t1 l  t1 '

' )  \ n  \ - )  -  |A n t n t  l V  /  l \ n t n t  -  |

nt

, r  ) O  \ - , ,  - l
t  n i l  ?  "  L t l n n  

-  t .

II

As an example we shall calculate the projected density operator lbr the joint non-ideal
measurement o1 two polarization observables by the measurement arrangement of figure 1.
in which a semitransparent mirror (transmission coefficient y, 0 < y < 1) has outgoing
beams into the directions of polarizing nicols oriented in different directions 01 and €)2,
respectively.

For the present purpose it is unimportant that this measurement can be interpreted as a
joint measurement. Hence. we can ignore the possibil i ty to write the POVM in a bivariate
form. Then the POVM is g iven as {M1 :  T E+,  M2 :  (  -DF+,  Mt :  I  E-+(1 - f , )F_} ,

representing the probabil it ies that the photon is detected either in detector D; or in D2, or
is absorbed in one of the nicols. Using the representation generated by the first nicol the
operators can be given according to

' .:(; 3) ri:(rrGa'SP)
E - : l - E +  F - : l - F +

p :  Tr  E+F+ :  co.216,  -  02; .
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From ( l l )  we ob ta in

+ ) /

M i :  { 2 y p ( l  -  i l } - l t { 1  -  y ( l  -  D } E +
+ { ( l  -  y ) ( . 1  -  p )  -  p \ F + + ( 1  -  p ) I y p  - ( l  -  z ) } 1 1

M ; :  { 2 ( 1  -  y ) p ( . 1  -  p ) } - '  t { i , ( l  -  p )  -  p } E -

+ { 1 - ( 1  - y ) ( 1  - p ) l F + + ( 1  - p ) t ( l  - y ) p - y } t l

M\  :  {2p l -1 [ -E+ -  F+ +  ( t  -  p ) t ]

yielding

I  [ [ p r l  
-  P - r  p r  -  P : t E + +  p ( l -  P *  p z -  P ) F +

P y y , , , , t p \ :  -  {  - r ( l  -  p \ { l  +  p  -  p r  -  p : t E -
z n t t - n t l  

+ ( r - p ) (  l - t p _  p 1  _  p 2 t F - t l  
t l 5 t

p t : T r p E +  p z : T r p F + .

Although from the general theory it follows that this operator is non-negative, this is not
easily seen from its representation as given here, because for certain values of p, p1 and
p2 the coefficients may be negative (fbr instance, | - p -f pt - p2 < 0 if p : 16, p : !,
p, : i). A direct proof of the non-negativity of (15) can be given, though, taking into
account that p, p1 and p2 should satisfy the triangle inequality

( 2 ( l  -  p ) ) ' / 2  <  ( T r p 2  * l  - 2 p ) t / 2  * ( T r p 2  + l  - 2 p ) 1 / 2 .

The possibil i ty of negative coefficients in (15) has important consequences for the
interpretation of the state function Ptu,,l(p): it is evidently not possible to interpret this
density operator as representing a mixture of states having sharp values of either {8,,} or

{ F " } .

3.4. Eight-port optical homodyning

As a final example we consider eight-port optical homodyning (see figure 2), which is a
detection method fbr monochromatic optical signals, known to be represented by the POVM
M(q ,  p )  :  l u ) (a l l 2n ,  u  :  O IO)@ + ip ) , l a )  a  cohe ren t  s ta te  [ 15 ] .  Th i s  examp le  i s
actually an infinite-dimensional one. Moreover, it is complicated by the continuity of the
variables -oc < q < @, -oo < p < @. Nevertheless, the methods developed before for

g = F r - F z  F , Local oscillator

Figure 2. Eight-port optical homodyning.
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the finite-dimensional case will be seen to work properly also here if the mathematics is

treated in the usual sense proposed by Dirac, thus demonstrating that the extension of the

theory to infinite-dimensional Hilbert spaces does not seem to meet essential diff icult ies.

Generalizing (11) according to

T t  M(q ,  P ' )M ' (q ' ,  P ' ) : 3 (q  -  q ' ) 6 (P  -  P ' )

it is straightforward to prove that the operators M'(q, p) can be represented according to

M ' (q ,  p )  :  
*  [ d r  

d t , ed#e ioq+up )e - ' \ ( uQ+ 'P )  :  M ' (q ,  p ) t .  ( 16 )

Then the projected density op.ruro, is given according to

P1u1q.pn(p):  I  onoo (t  ry4 M'@, p). (r1)

It is straightforward to prove that

P s q . p . 1 ( P ) :  P .  ( 1 8 )

Result (18) is an important one, demonstrating that eight-port optical homodyning is a

complete measurement allowing us (at least in principle) to calculate the density operator
p of the initial state from the probability distribution Tr(lu)(ul/2n)p obtained in the

measurement. This result can also be obtained by employing the fact that the eight-

port homodyning measurement can be interpreted as a joint non-ideal measurement of

t he  obse rvab les  Q :  @+a i ) l JT  and  P  :  - i ( a - " t ) / J i  o f  t he  monoch roma t i c

electromagnetic mode [16].

4. Interpretation

4. L Mathematical interpretation

Results (17) and (18) exhibit an important l ink between the projected state function Ptu,l@)
and phase-space representations of quantum mechanics [17, l8], the most well known being

the Wi gner-Weyl representation

Pww(q , P) : Tr Pw (q ' P)

W(q,  p) :  =+ [  OuOret tuq+uP)e- i \uQ+uP) -  W@, p) t
t 2 n ) -  J

where B and P are position and momentum operators as given above. The operators
W (q, p) can be considered as constituting (in the Dirac sense) a complete orthogonal set
of vectors in Hilbert-Schmidt space, since

TrW(q,  p)W(q ' ,  p ' )  :  ! t@ -  q ' )s(p -  p ' )
z7f

and

A e ftus.

Defining

w'(q,  P)  :  zrw (q,  P)
we see that the sets {W(q, p)} and {W'(q, p)} constitute a bi-orthonormal system in }lns.
Hence, the Wigner-Weyl representation corresponds to an expansion of Hilbert-Schmidt
vectors using the orthogonal basis {tV(q, p)}.

A : 2tt 
I  

o, oo (Tr AW (q, p))w (q, p)
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Analogously, the so-called S-2-representations can be interpreted as expansions using
non-orthogonal baises for Hilbert-Schmidt space. Thus,

wa@,  p ) :  ^1 .  I  a , , a r . i r r r v *u / )e (y ,  u ) s - i ( uQ+v r \
(2n)' I

w[(q,  n) :  !  t  i11f ,vs- t (u++' ' l )o(u,  u)- ts \Q'Q+'e1
2tr J

T r W s ( q ,  p f  W ; t q  .  p ' ) : 6 \ q  -  q ' ) 6 ( p  -  p ' ) .

Note that the Wigner-Weyl reprcsentation is obtained fbr CI(q, p) :1. With f2(4, p) :
exp{-(n2 + u211+1 we have a special case of the Husimi representation t191, yielding
Wa@, p)  :  la) \a l /2 t r  and W[( .q,  p) :  M'(q,  p)  as g iven by (16) .  Hence,  the e lemenrs
of the POVM of eight-port homodyning constitute (in the Dirac sense) a complete non-
orthogonal set of vectors in Hilbert-Schmidt space, this being the mathematical source of
the completeness of this measuremcnt procedure.

It is now possible to see how things work out if a measurement is not a complete
one. In that case the elements M,, do not span the whole Hilbert-Schmidt space, but only
a subspace Tllv,,). For this reason the measurement does not yield complete information
about the init ial state p. Actually, a measurement of an incomplete POVM {M,,} only
allows us to obtain information on the state PlM,,,l(p). which is just the projection of p
onto the subspace 

'J1tr,,,1. 
It p e 7{1u,,,1 then P1u,,;(p) : p, and the measurement yields

complete infomation on the initial state. However, this measurement does not yield any
information on the part of p that is in subspace (l - 7M,,,t)11115. Evidently, the density
operator P1u,,y(O) represents the infbrmation regarding the init ial state p, to be obtained by
the measurement of the POVM {M,,}.

From this perspective it is clear that measurements represented by the Hermitian
operators of the Dirac-von Neumann formalism (i.e. PVMs) are not singled out in
any speoial way within the class of all possible measurement procedures, Comparing
applications 3.1 and 3.2we see that thc projected density operators are the same for an ideal
and non-ideal measurement of a PVM if the latter is an invertible one. We shall interpret this
as informational equivalence of these measurements, caused by the fact that the operators of
the POVM {M,,} span the same subspace of Hilbert-Schmidt space as the operators of the
PVM {8,,,}. Flowever, as is now becoming abundantly clear [20, 21 ,15) many measurement
procedures exist yielding more infbrmation on p because the elemcnts of their POVMs span
larger subspaces. Applications 3.3 and 3.4 are examples of such measurements. In principle
the subspace of Hilbert-Schmidt space spanned can range fiom a one-dimensional one (in
case of an uninfbrmative measurement represented by the POVM consisting only of the
operator 1) to the whole of Hilbert-Schmidt space (in case of a complete measurement).
It seems that the emphasis in the l iterature on the foundations of quantum mechanics on
measurements represented by PVMs can hardly be justif ied by the experimental importance
of such measurements (for instance, all scattering experiments determining diff 'erential cross
sections shcluld be analysed in terms of (positive) operator-valued measures).

Since only the part Pg,,;(.p) of p that is in 171u,,,1 can be reconstructed fiom the
data obtained by the measurement of the PovM 1M,,,\ there is an infbrmation deficit
associated with any incomplete measurement, preventing a complete reconstruction of p.
As a quantitative measure of the infbrmation deficit i t is possible to take the quantity
D1v, , ; (P) : :  H(Ptu, , t (p)) -  H(p) ,  in  which H(p)  is  the von Neumann entropy def ined by

/, : I 
dq dp (rr pwa@, p1try[r@, n)



440 W M dc Muynck

H(p ) :  -T rp lnp .  I t i sposs ib le top rove (seeappend i xC) tha t fo ra rb i t r a r yPOVM{M, , J

D1v,, ,1(o) 2 0 (  l 9 )

Evidently, for complete measurements D1u,,;@) : 0. For the uninformative measurement

rep resen ted  by  t he  POVM {1 }  we  f i ndP t r t@) :  I lN ,  y i e l d i ng  H (P r r t@) ) : l nN ,  and

Drr t ( i l :  lnN -  H(p) .Hence D111(p)  is  reaching i1s maximal  va lue lnN for  pure states

p, the intbrmation deficit being smaller if the init ial state is a mixture.

4.2. P h.r'sicul ittterpretation

As already noted before we do not have any reason to suppose that the projected state

Pg,,,1(O) has any simple relation to the final object state pof of the measurement. Although

for the Liiders projecrion (4) we have H(p,,) - H(p) ) 0 (which is often thought to be

an attractive property because the measurement process is thought to increase entropy).

the example of the ideal photon counter (ideally satisfying H(p"f): 0) demonstrates that

measurement disturbance need not imply that the distribution of the final state over the

possible output channels is more disorderly than the distribution of the init ial state over

the input channels. Whereas the Liiders projection is a fruit of a 'minimal disturbance '

philosophy yielding entropy increase, it is seen from the example that a larger disturbance

may increase order in the sense of concentrating the output in a single channel. This is a

diff'erent way of disqualifying the Liiders projection as an attractive property of quantum

measurement.
Since no entropy increase is required (in the sense defined by the von Neumann entropy)

in the transition from initial to final object state of a quantum-mechanical measurement, the

generalized projection (13), satisfying (19), must have a different interpretation. As found

in section 4.1, the projected statePIM,,)(p) contains information onthe init ial rather than the

final object state of the measurement. For this reason it seems reasonable not to associate
(13) with a transition from init ial to final state, but interpret it as a transition between
different descriptions of the initial state. Then Ptv,,;|) might be seen as a description of

the init ial state as far as 'observable'by means of a measurement of the POVM {M,'}.
An interpretation in the sense proposed here is a rather natural one, and not specific to

quantum mechanics. As a matter of f 'act, it is widely used in many domains of physics. Thus,

fbr instance a rigid-body description of a bil l iard ball is valid if the description is restricted
to those observations that are insensitive to the internal dynamics of the constituting atoms.
Within the context of such measurements the rigid-body model yields a description that is

comparable with the description by the state function P1u,,;(p).A description by means
of the density operator p is necessary if information also has to be dealt with that is valid
within the contexts of measurements of POVMs different from {M,,1.

Continuing the bilt iard ball analogy, it might be asked whether the state 2r,r.r,,, i(p) could,

maybe, be interpreted in a contextualistic-realist sense as the state of the object as it ls within
the context of the measurement arrangement of the POVM {M,,}. Thus, a bil l iard ball ls a
rigid body as long as the experimental context allows it to 'be' one (and not just 'appears

to be one'). Such a contextualistic-realist notion is sometimes implied by the Copenhagen
interpretation, although in this latter interpretation the contextual state is often associated
with the final rather than with the initial object state. As suggested by the foregoing, if

Ptu,,, l@) would describe such a contextual state, then it should refer to the init ial rather
than to the final state of the measurement. This would mean that the quantum-mechanical
reality corresponding to it must be shaped by the presence of the measurement arrangement
even before the interaction between obiect and measurinq instrument has started. Thus, the
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von Neumanrr projection (l) might be thought to be interpretable as the process in which

the value of the measured (Dirac-von Neumann) observable comes into being at the first
contact of object and measuring instrument, the subsequent measurement process servlng

to translate this microscopic event into a directly observable macroscopic one.
Because, due to (i4), the states p and Ptu,,;@) yield the same quantum-mechanical

measurement result for the POVM lM,,l we do not have any means to test whether the

init ial state within the context of the measurement is really one or the other. For this reason
the contextualistic-realist interpretation can neither be verified nor falsified experimentally.
However, the examples of generalized measurements discussed above do not seem to favour

such an interpretation. Thus, in the case of the inefficient photon detector it is much more
natural to interpret the measurement result n as the number of photons registered by the

detector (out of the number m > n lhat were actually present), then as the result of an ideal

registration of a non-ideal number of photons being present in the init ial state. Also, example
3.3 is not particularly favourable to an interpretation ofthe contextual state (15) as a state in
which either one or both of the observables measured jointly (be it non-ideally) would have
adopted a certain value of the measured observable within the context of the measurement
arrangement. For these reasons a contextualistic-realist interpretation of the state Ptu,,l(p)
does nclt seem possible surpassing an attribution of a more or less symbolic meaning as
representing a preparation procedure in which, apart from the preparing apparatus, also the
measuring instrument (i.e. Bohr's whole measurement arrangement) is taken into account. It
seems that such an interpretation of the state Ptu,,l(p) could be accommodated in a natural
way in the empiricist interpretation of quantum mechanics developed in 1221.
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Appendix A. Non-orthogonal projections in Hilbert space and bi-orthonormal systems

Let  {e1 , . . . ,eu!  be a non-or thogonal  basis  in  an N-dimensional  Hi lber t  space f t .  A b i -
orthonormal system is defined in the following way:

( f  , ' ,  e ^ )  :  6n , , .

Then a lso the vectors { " f r , . . . ,  / ,y}  const i tu te a non-or thogonal  basis  for  t l .
Using Dirac notation we define the operators

(20)

P,r : :  ler ) ( f ) (21)

satisfyrng

P }  : P ,  P , P , , - Q  t t f m ,

Hence the operator P, is a projection operator projecting onto en parallel to the vectors e,'
with n' I n, and, hence, in general non-orthogonally. From

Pi : l f  ,)(e, l  * P,

i t  is  ev ident  that  the pro ject ion operators are non-Hermi t ian unless the basis  le t , . . . ,  e ,y)  is
an orthonormal one (in which case fn: €n, and the projections (21) are orthogonal ones).

Le t?1k , . . . . . ev1  be  the  subspace  spanned  by  t he  vec to rs  \ e r , . . . , eu \ ,  M  (  N .  Then

the operator P\rt : LY=rP, is a non-orthogonal projection onto this subspace, i.e.
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P1r, t17l  :  ? l rc , .  eyt  Analogously we havc Pint  :  L !J=,p; ,  and Piu l l  :  H6,  . . f  , t ,
demonstratingthatPgl andPiyl have different subspaces as their ranges, unless we start
from an orthonormal basis. However, 1br any bi-orthonormal system we have

N N

\ - P . . :  \ - p ' :  I  1 . 2 2 1
/ _ , , t _ L , n _ , .

To a subspa.,"'-i, , r*:"', or"r..tions conespond, having this subspace as its range.
However, among these there is only one unique projection opcrator that is Hermitian. This

is the projection operator corresponding to the orthogonal projection onto the subspace.

Appendix B. Proof of Naimark's theorem for maximal POVMs

By Naimark [23, l l ,241 the following theorem has been proven.

Naimark's theorem. lf {M,,} is a POVM on a Fli lbert space tl, then there exists a Hilbert
spaceH', a PVM {Ei,} on H', and an orthogonal projection operator P, such that P}1' : }1

a n d M r r : P E ' , , , P .
In this appendix an elementary proof of the theorem is given for f lnite-dimensional ?l

(dimension : N), and a POVM {M,,,} generated by a non-orthogonal decomposition of
the identity consisting of M (M > /{) elements, all being, up to a positive multiplicative
constant, equal to a onc-dimensional projection operator (so-called maximal POVM [12]).
Thus

Mrr :  c l r rP^ qr , ' )  0  Pr ,  :  l / , r ) ( ' l ' r , l :  P, i ,

In order to prove the theorem wc first prove a lemma on scl-called etiactic stars (cf Coxeter

[25 ] ) , cons i s t i ngo f  anove r - comp le tese to f vec to rs {e1 , . . . , eu \  spann inganN-d imens iona l
Hilbert space (M > N), that can be obtained by orthogonal projection fiom an orthonormal
basis in an M-dimensional Hilbert space tl ' .

Lemma(cf Seidel [26]). A star is cutactic if and only if i ts Gram matrix has precisely two
eigenvalues (one of which equals 0).

Proof.
(i) Suppose

e i  :  P c i  i  : 1 , . . . .  M

( c , l c 1 )  : 3 i 1  i ,  j  : 1 , . . . ,  M

P :  P I  :  P 2 .

Then

\e i l e j )  :  \ c i l pc j )

implying that the Gram matrix is a matrix representation of an orthogonal projection operator
P. Hence the (Hermitian) Gram matrix has only eigenvalues 0 and 1.

( i i )  Conversc ly ,  suppose that  the M x M matr ix  ( (e; le i ) )  has only two e igenvalues.
At least one of these must be 0, since, because of the l inear dependence of the vectors e;,
i  :  1 , .  . . ,  M ,  we  have  De t ( (e1  l e r ) )  :  0 .  We  a l so  have  De t ( (e ; | e r ) )  :  f 11 ) ,1 ,  w i t h  ) , 1  t he
eigenvalues of the Gram matrix. Because the Gram matrix has rank N there are exactly
M - N e i g e n v a l u e s 0 .
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Given that there is only one non-vanishing eigenvalue,
normalization ol' the vectors ei to set this eigenvalue equal
unitary M x M matrix (U1;) exists, such that

M

\ -  r l  .  ( e . : e , \ r l !  :  P
/ -  " t t \ u /  

L A / ' I t  -  ' t l

j  k : l

P i i : 1  i : 1 , . . . , N  P i t : 0

Define
M

o , : f u . - , " ,  i : 1 , . . . .M .  \ 21 )a r  / r  
-  t l - J

; - l

Then (23) can be written as

\q ' 1q t )  :  P i t .

From this it fbllows that

, : 1 /+1 . . . . ,M

e ,  :  f ( U - r l l , q ,  :  f r U - r  r i , q i .
/ J -  

' l t a t  
L -  t t

; - t  ; - t

Moreover,  the vectors e i ,  i  :1 , . . . ,  A/  const i tu te an or thonormal  set .  Because o1 ' (24)  th is
is an orthonormal basis of ft.

Taking H as a subspace of an M-dimensional Hilbert space 7!' we obtain an orthonormal
basis  in  th is  la t ter  space by supplement ing the set  e i  ,  i :1 , . . . ,  N wi th M -  N mutual ly
orthogonal normalized vectors in the orthogonal complement of 'J1 in ?l'. The orthonormal
bas i s  o f  l l '  t hus  ob ta ined  i s  i nd i ca ted  as  Q ; ,  i  :  1 , . .  . ,  M  (hence ,4 i  :  q i , l  :  1 , . . . ,  N ) .
When P is the orthogonal projection operator within 1l ' onto the subspace H, then fbr this
basis :

P Q i : q i  i : 1 , . . . , N

P Q , : 0  i : , v + t , . . . , M

A dift'erent orthonormal basis is construed in 1r
]',/

" , : \ - " - r ' -,  z _ \ U  t 1 i Q ,
t - l

U s i n g  t 1 5 t t h i s  l i n a l l y  i m p l i e s

j : t , . . . , M .

Pc1  : r l t u  ' ) ) , 4 ,  :  I , u - ' ) j i | ,  : e1  j : 1 , . . . ,M .
i : l  i - l

u
Now the Naimark theorem fbr maximal POVMs follows easily since maximal POVMs

can bc associatcd with eutactic stars. Incleed, on ?l we have 1f;,-ra,,,P,,, : I.

Defining the (unnormalizecl) vectors 1d,,) : otlt lr lt,,) we obtain L/,-, 10,,)\Q,, I : 1, or

LX=,@|Q,, , ) \Q^lQ) :  @rlQi l ,  imply ing that  the Gram matr ix  rckWi l  is  a pro ject ion.
Hence the presuppositions of the lemma are satisfied. Then the projection operators onto the
orthonormal basis of t l '  construed in the lemma are immediately seen to yield the elements
of the PVM sought for u

443

it is possible by means of
to 1. This implies that a

and

Q i : 0

M

(23)

for all other values of i end L.

(2s)

by means of the unitary transformation
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Appendix C. Positivity of the information deficit

The proof of (19) uses the well known inequality

T r A l n B - T r A l n A ( T r A - T r B  A , B > O  ( 2 6 )

that can easily be proven by employing the spectral representations of operatols A and B,
and by using the convexity of the function lnx, implying the inequality lnx ( I -x Vx.

Because ol'the hermiticity of the projection P1y,,,1 we have

H (P tu,,,t(p)) 
- - Tr P ry,,,t(p) ln P t u,,t( p)

: - Tr pPIu, l(n P tu,,l@))
- - Tr P 1n 

"'P1u''1(nPs's(o)) 
.

Applying inequality (26) with A - p and B : exp(Ptu,,,1(nP11q,,;(.p)) : Pw,,,t(p) the
inequality now immediately follows because Tr A : Tr B.
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